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Abstract 

The Umbral Moonshine Conjectures assert that there are infinite-dimensional graded mod¬ 
ules, for prescribed finite groups, whose McKay-Thompson series are certain distinguished mock 
modular forms. Gannon has proved this for the special case involving the largest sporadic sim¬ 
ple Mathieu group. Here we establish the existence of the umbral moonshine modules in the 
remaining 22 cases. 
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1 Introduction and Statement of Results 

Monstrous moonshine relates distinguished modular functions to the representation theory of the 
Monster, M, the largest sporadic simple group. This theory was inspired by the famous observations 
of McKay and Thompson in the late 1970s [181151 j that 

196884 = 1 + 196883, 

21493760 = 1 + 196883 + 21296876. 

The left hand sides here are familiar as coefficients of Klein’s modular function (note q := e 2mT ), 

OO 

J(t) = ^ c{n)q n := j(t) - 744 = q~ l + 196884^ + 21493760g 2 + .... 

72 — — 1 

The sums on the right hand sides involve the first three numbers arising as dimensions of irreducible 
representations of M, 

1, 196883, 21296876, 842609326, ..., 258823477531055064045234375. 

Thompson conjectured that there is a graded infinite-dimensional M-module 

OO 

= © Vi, 

n=—l 

satisfying dim(VjJ) = c(n). For g E M, he also suggested [50] to consider the graded-trace functions 

OO 

T g (r) := £ tT(g\V%)q n , 

72 — — 1 

now known as the McKay-Thompson series, that arise from the conjectured M-module VK Using 
the character table for M, it was observed [181150] that the first few coefficients of each T g (r) coincide 
with those of a generator for the function field of a discrete group r fl < SL 2 (M), leading Conway 
and Norton [18] to their famous Monstrous Moonshine Conjecture: This is the claim that for each 
g € M there is a specific genus zero group T 9 such that T g {r) is the unique normalized hauptmodul 
for T ff , i.e., the unique T^-invariant holomorphic function on H which satisfies T g {r ) = q~ l + 0(q ) 
as 7v(r) —> oo, and remains bounded near any cusp not equivalent to the infinite one. 

In a series of ground-breaking works, Borcherds introduced vertex algebras [2], and generalized 
Kac-Moody Lie algebras mm, and used these notions to prove [5] the Monstrous Moonshine 
Conjecture of Conway and Norton. He confirmed the conjecture for the module V^ constructed by 
Frenkel, Lepowsky, and Meurman |30H32j in the early 1980s. These results provide much more than 
the predictions of monstrous moonshine. The M-module V^ is a vertex operator algebra, one whose 
automorphism group is precisely M. The construction of Frenkel, Lepowsky and Meurman can be 
regarded as one of the first examples of an orbifold conformal field theory. (Cf. [23].) Here the 
orbifold in question is the quotient (M 24 /A 24 ) /(Z/2Z), of the 24-dimensional torus A 24 < 8 >zM/.A 24 — 
M 24 /A 24 by the Kummer involution x 1 —> —x, where A 24 denotes the Leech lattice. 

We refer to [24 (1321[35[ [36 j for more on monstrous moonshine. 
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In 2010, Eguchi, Ooguri, and Tachikawa reignited moonshine with their observation |28| that 
dimensions of some representations of A/ 24 , the largest sporadic simple Mathieu group (cf. e.g. 
j20ll21| ). are multiplicities of super conformal algebra characters in the K3 elliptic genus. This 
observation suggested a manifestation of moonshine for M 24 : Namely, there should be an infinite¬ 
dimensional graded M 24 -module whose McKay-Thompson series are holomorphic parts of harmonic 
Maass forms , the so-called mock modular forms. (See [[1511531 [55] for introductory accounts of the 
theory of mock modular forms.) 

Following the work of Cheng m, Eguchi and Hikami m , and Gaberdiel, Hohenegger, and 
Volpato [ 33tl34| , Gannon established the existence of this infinite-dimensional graded M 24 -module 
in [33. 

It is natural to seek a general mathematical and physical setting for these results. Here we 
consider the mathematical setting, which develops from the close relationship between the monster 
group M and the Leech lattice A 24 . Recall (cf. e.g. [20]) that the Leech lattice is even, unimodular, 
and positive-definite of rank 24. It turns out that A /24 is closely related to another such lattice. 
Such observations led Cheng, Duncan and Harvey to further instances of moonshine within the 
setting of even unimodular positive-definite lattices of rank 24. In this way they arrived at the 
Umbral Moonshine Conjectures (cf. §5 of [15], §6 of [16], and §2 of |17]h predicting the existence 
of 22 further, graded infinite-dimensional modules, relating certain finite groups to distinguished 
mock modular forms. 

To explain this prediction in more detail we recall Niemeier’s result [43] that there are 24 (up to 
isomorphism) even unimodular positive-definite lattices of rank 24. The Leech lattice is the unique 
one with no root vectors (i.e. lattice vectors with norm-square 2), while the other 23 have root 
systems with full rank, 24. These Niemeier root systems are unions of simple simply-laced root 
systems with the same Coxeter numbers, and are given explicitly as 

424 a 12 48 46 44 42 

1 ^2 1 ■^*■ 3 ) ^ 4 ) • / 1 12 > 

H5D4, AjDl, Tj, A^Dq, AuD^Eq, A15D9, H17E7, H24, (IT) 

D®, Dq, Dg, Dk)Ey,d1 2 , D\qEs, D2a,E§, Eg, 

in terms of the standard ADE notation. (Cf. e.g. [20] or [39] for more on root systems.) 

For each Niemeier root system X let N x denote the corresponding unimodular lattice, let W x 
denote the (normal) subgroup of Aut(N x ) generated by reflections in roots, and define the umbral 
group of X by setting 


G X : = Aut {N X )/W X . (1.2) 

(See HA.II for explicit descriptions of the groups G x .) 

Let m x denote the Coxeter number of any simple component of X. An association of dis¬ 
tinguished 2m‘ Y -vector-valued mock modular forms H x {r) = ( H x r {r )) to elements g £ G x is 
described and analyzed in PEHU]. 

For X = A^ 1 we have G x ~ A /24 and m X = 2, and the functions H X \ (r) are precisely the 
mock modular forms assigned to elements g € A /24 in the works |10l[271l351l34j mentioned above. 
Generalizing the A /24 moonshine initiated by Eguchi, Ooguri and Tachikawa, we have the following 
conjecture of Cheng, Duncan and Harvey (cf. §2 of [l7j or §9.3 of [24]). 
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Conjecture (Umbral Moonshine Modules). Let X be a Niemeier root system X and set m := m x . 
There is a naturally defined bi-graded infinite-dimensional -module 


K X = © © K X - D/4m (1-3) 

.DeZ, 0, 

D=r 1 2 * (mod 4m) 

such that the vector-valued mock modular form H x = (H x r ) is a McKay-Thompson series for K x 
related to the graded trace of g on K x by 

= -2n- 1,im SrA + T. tr (9l U-D, am h' D, ‘ m (1-4) 

De Z, D< 0, 

D=r 2 (mod 4m) 


for r G I x . 

In (j 1.3 1) and ( 11.41) the set I x C Z/2mZ is defined in the following way. If X has an A-type 
component then I x := {1, 2,3,... , m — 1}. If X has no A-type component but does have a D-type 
component then m = 2 mod 4, and I x := {1, 3,5,..., m/2}. The remaining cases are X = E§ 
and X = Eg. In the former of these, I x := {1,4, 5}, and in the latter case I x := {1, 7}. 

Remark. The functions H x (t) are defined explicitly in 13B.3I An alternative description in terms 
of Rademacher sums is given in K1B.4I 

Here we prove the following theorem. 

Theorem 1.1. The umbral moonshine modules exist. 

Two remarks. 

1) Theorem II.II for X = Af 4 is the main result of Gannon’s work m- 

2) The vector-valued mock modular forms H x = ( H x r ) have “minimal” principal parts. This 
minimality is analogous to the fact that the original McKay-Thompson series T g {r) for the Monster 
are hauptmoduln, and plays an important role in our proof. 

Example. Many of Ramanujan’s mock theta functions [46| are components of the vector-valued 
umbral McKay-Thompson series H x = (H x r ). For example, consider the root system X = A^ 2 , 
whose umbral group is a double cover 2. M 12 of the sporadic simple Mathieu group M\ 2 - In terms 

1 In the statement of Conjecture 6.1 of [T6] the function Hg r in tra is replaced with 3H* r in the case that 

X = Ag. This is now known to be an error, arising from a misspecification of some of the functions H* for X = Af. 

Our treatment of the case X = A| in this work reflects the corrected specification of the corresponding H* which is 

described and discussed in detail in m- 
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of Ramanujan’s 3rd order mock theta functions 

00 (f 2 

fiq) = 1 + S (l + 9) 2 (l + g 2 ) 2 ---(l + 9 n ) 2 ’ 

H q ) = 1 + E (l + g 2)( 1+? 4)...( 1 + ? 2n)» 

1 ^ (1 — q + g 2 )(l — g 2 + g 4 ) • • • (1 — q n + q 2n ) 

°° ^ ^2n(n+l) 

= S (1 - <?) 2 (1 - « 3 ) 2 ■■■(!- « 2n+1 ) 2 ’ 

~ g 2n(n+l) 

P(<?) = ^ (1 + <7 + <Z 2 )(1 + q 3 + 9 6 ) • • • (1 + q 2n+1 + q 4n + 2 ) ’ 

we have that 

#4,(r) = ^,i(r) = H^ ax (r) = -2q~& • f(q 2 ), 

H 6C,i( t ) = H 6D, i( t ) = • x(g 2 ), 

^8C,l( r ) = H SD,l( T ) = -2q~™ ■ <K-9 2 ), 

H 2B,2i T ) = ~ H 2C.2^ T ) = ~ 4 ^ • “(-q), 

H 6C,2( t ) = ~ H 6D,2( T ) = ‘ P( - ?)- 

See §5.4 of [16j for more coincidences between umbral McKay-Thompson series and mock theta 
functions identified by Ramanujan almost a hundred years ago. 

Our proof of Theorem 11.11 involves the explicit determination of each G x -module K x by com¬ 
puting the multiplicity of each irreducible component for each homogeneous subspace. It guarantees 
the existence and uniqueness of a K x which is compatible with the representation theory of G x 
and the Fourier expansions of the vector-valued mock modular forms H x {r) = C H x r (r )). 

At first glance our methods do not appear to shed light on any deeper algebraic properties of the 
K x , such as might correspond to the vertex operator algebra structure on V\ or the monster Lie 
algebra introduced by Borcherds in [5j. However, we do determine, and utilize, specific recursion 
relations for the coefficients of the umbral McKay-Thompson series which are analogous to the 
replicability properties of monstrous moonshine formulated by Conway and Norton in §8 of [18] 
(cf. also [I]). More specifically, we use recent work [41] of Imamoglu, Raurn and Richter, as 
generalized [42] by Mertens, to obtain such recursions. These results are based on the process of 
holomorphic projection. 

Theorem 1.2. For each g € G x and 0 < r < m, the mock modular form H x r {r) is replicable in 
the mock modular sense. 

A key step in Borcherds’ proof [5] of the monstrous moonshine conjecture is the reformulation of 
replicability in Lie theoretic terms. We may speculate that the mock modular replicability utilized 
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in this work will ultimately admit an analogous algebraic interpretation. Such a result remains an 
important goal for future work. 

In the statement of Theorem 11.21 replicable means that there are explicit recursion relations 
for the coefficients of the vector-valued mock modular form in question. For example, we recall the 
recurrence formula for Ramanujan’s third order mock theta function f(q ) = c/(n)g n that 

was obtained recently by Imamoglu, Raum and Richter EH- If n £ Q, then let 


cji(n) 


Ed\n d 

0 


if n € Z, 
otherwise, 


and then define 


sgn + (n) 


sgn(n) 

1 


if n 7 ^ 0 , 
if n = 0 , 


d(N, N, t,t) := sgn + (JV) • sgn + (iV) • ^|iV + t\ — \N + . 


Then for positive integers n, we have that 


£ 

mgZ 

3m 2 +m<2n 


m + 


C f 


3 2 1 

n - m - m 

2 2 


4 16 (n 

= -(Tin) - a — 

3 w 3 V 2 


- 2 


a,b£Z 
2 n—ab 


N,N 


1 1 

’ 6 ’ 6 


where N := g(—3a + 6—1) and N := |(3 a + 6—1), and the sum is over integers a, 6 for which 
N,N £ Z. This is easily seen to be a recurrence relation for the coefficients Cf(n). The replicability 
formulas for all of the H^ r {r) are similar (although some of these relations are slightly more 
complicated and involve the coefficients of weight 2 cusp forms). 

It is important to emphasize that, despite the progress which is represented by our main results, 
Theorems 11.11 and [+21 the following important question remains open in general. 

Question. Is there a “natural” construction of K x ? Is K x equipped with a deeper algebra structure 
as in the case of the monster module V^ of Frenkel, Lepowsky and Meurman? 

We remark that this question has been answered positively, recently, in one special case: A 
vertex operator algebra structure underlying the umbral moonshine module K x for X = E% has 
been described explicitly in [25] . See also [ 141126) . where the problem of constructing algebraic 
structures that illuminate the umbral moonshine observations is addressed from a different point 
of view. 

The proof of Theorem 11.11 is not difficult. It is essentially a collection of tedious calculations. 
We use the theory of mock modular forms and the character table for each G x (cf. 11A.2H to solve 
for the multiplicities of the irreducible G A -module constituents of each homogeneous subspace in 
the alleged G x -module I\ x . To prove Theorem 11.11 it suffices to prove that these multiplicities 
are non-negative integers. To prove Theorem 11.21 we apply recent work [35] of Mertens on the 
holomorphic projection of weight ^ mock modular forms, which generalizes earlier work [3Tj of 
Imamoglu, Raum and Richter. 
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In lj2]we recall the facts about mock modular forms that we require, and we prove Theorem [L2j 
We prove Theorem 11.11 in 1J3J The appendices furnish all the data that our method requires. In 
particular, the umbral groups G x are described in detail in < J~A~1 and explicit definitions for the 
mock modular forms H x (t) are given in IjBj 


2 Harmonic Maass forms and Mock modular forms 


Here we recall some very basic facts about harmonic Maass forms as developed by Bruinier and 
Funke [9j (see also USD- 

We begin by briefly recalling the definition of a harmonic Maass form of weight k € and 
multiplier v (a generalization of the notion of a Nebentypus). If r = x + iy with x and y real, we 
define the weight k hyperbolic Laplacian by 


A k ■= -y 2 


d 2 d 2 \ r 

a? + v ,+ J 


(d_ ,d_\ 

\ dx dy) 


( 2 . 1 ) 


Suppose T is a subgroup of finite index in SI^Z) and k 6 -)Z. Then a function F(r) which is 
real-analytic on the upper half of the complex plane is a harmonic Maass form of weight k on T 
with multiplier v if: 


(a) The function F{r) satisfies the weight k modular transformation, 


F{r)\kl = v{l) F (j) 


for every matrix 7 = € T, where F(t) |fc 7 := F(jt)(ct + d) k , and if k € Z + 5, the 


square root is taken to be the principal branch. 


(b) We have that A kF(r) = 0, 

(c) There is a polynomial Pp^q 1 ) and a constant c > 0 such that F(t) — Pp(e~ 2mT ) = 0{e ~ cy ) 
as r —^ zoo. Analogous conditions are required at each cusp of T. 


We denote the C-vector space of harmonic Maass forms of a given weight k, group T and 
multiplier v by Hk{ T, z/). If no multiplier is specified, we will take 


^0(7) : = 




where (|) is the Kronecker symbol. 

2.1 Main properties 

The Fourier expansion of a harmonic Maass form F (see Proposition 3.2 of M) splits into two 
components. As before, we let q := e 2mT . 
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Lemma 2.1. If F(t) is a harmonic Maass form of weight 2 — k for T where | < k E ^Z, then 

F(t) = F + (t) + F~(t), 

where F + is the holomorphic part of F, given by 

F+ ( r ) = 4( n )? n 

ri3>—oo 

where the sum admits only finitely many non-zero terms with n < 0, and F~ is the nonholomorphic 
part, given by 

f ~( t ) = J2 c F^ T ^ k “ M^M)?" 

n< 0 

Here T(s,z) is the upper incomplete gamma function. 

The holomorphic part of a harmonic Maass form is called a mock modular form. We denote 
the space of harmonic Maass forms of weight 2 — k for T and multiplier v by Hk(T,i>). Similarly, 
we denote the corresponding subspace of holomorphic modular forms by Mj.(T, v), and the space 
of cusp forms by v). The differential operator f w := 2iy w -^= (see [9]) defines a surjective map 

6-fc : H 2 _ k (T,u) -> S k (T,V) 

onto the space of weight k cusp forms for the same group but conjugate multiplier. The shadow 
of a Maass form /(r) € H 2 -k(F,v) is the cusp form g(r) € Sfc(T, V) (defined, for now, only up to 
scale) such that £ 2 -fe/( T ) = , where || • || denotes the usual Petersson norm. 

2.2 Holomorphic projection of weight | mock modular forms 

As noted above, the modular transformations of a weight 4 harmonic Maass form may be simplified 
by multiplying by its shadow to obtain a weight 2 nonholomorphic modular form. One can use 
the theory of holomorphic projections to obtain explicit identities relating these nonholomorphic 
modular forms to classical quasimodular forms. In this way, we may essentially reduce many 
questions about the coefficients of weight ^ mock modular forms to questions about weight 2 
holomorphic modular forms. The following theorem is a special case of a more general theorem due 
to Mertens (cf. Theorem 6.3 of [32J). See also (HI . 

Theorem 2.2 (Mertens). Suppose g(r ) and h(r) are both theta functions of weight | contained in 

5s (T, 1 /,) and S 3 (T, vjf) respectively, with Fourier expansions 
2 ^ 2 

S 

9( T ) ■ =J2J2riXi(n)q n2 , 

i=l nEZ 

M r ) : = 

j =1 ngZ 
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where each and is a Dirichlet character. Moreover, suppose h{r) is the shadow of a weight ^ 

harmonic Maass form f(r ) G Hi(T,TT). Define the function 

2 


OO 

D f ’ 9 (r) :=2 ^2^, - n)q r . 

r=1 Xi,i>j m,n£Z+ 

9 9 

m—n=r 


If f{ T )g{ T ) das no singularity at any cusp, then f + {r)g{T) + Dl ,9 (r) is a weight 2 quasimodular 
form. In other words, it lies in the space C E 2 (t) © M 2 (T, where E 2 {t) is the quasimodular 

^—> TiQ n 

Eisenstein series E 2 (t) := 1 — 24 x 


^ 1 - q r 

n> 1 y 


Two Remarks. 

1) These identities give recurrence relations for the weight 4 mock modular form f + in terms of 
the weight 2 quasimodular form which equals f + (T)g(r) + DI ,9 (t). The example after Theorem II.21 
for Ramanujan’s third order mock theta function / is an explicit example of such a relation. 

2) Theorem 12.21 extends to vector-valued mock modular forms in a natural way. 

Proof of Theorem M.21 Fix a Niemeier lattice and its root system X, and let M = m x denote its 
Coxeter number. Each H x r {r) is the holomorphic part of a weight ^ harmonic Maass form H x r (r). 
To simplify the exposition in the following section, we will emphasize the case that the root system 
X is of pure A-type. If the root system X is of pure A-type, the shadow function S x r {r) is given 
by XgfiS M , t-(t) (see j}K 2 |), where 

Sm,t(t) = 2^ n<?4M, 

77-EZ 

n=r (mod 2 M) 

and x x f = xf A or Xif A depending on the parity of r is the twisted Euler character given in the 
appropriate table in HA.31 a character of G x . (If X is not of pure A-type, then the shadow function 
S x r {r) is a linear combination of similar functions as described in HB.21 1 

Given X and g, the symbol n g \h g given in the corresponding table in HA. 3 1 defines the modularity 
for the vector-valued function (H x r (r)). In particular, if the shadow ( S x r {r )) is nonzero, and if 
for 7 € To(n s ) we have that 

(^r(d) 13/27 = 

then 

(-H^r(d) ll/27 = °w{H X r{r)). 

Here, for 7 G Fo(n g ), we have cr gn = v g (^)a ea where v g (p /) is a multiplier which is trivial on 
To(n g h g ). This identity holds even in the case that the shadow S x r vanishes. 

The vector-valued function ( H x r (r)) has poles only at the infinite cusp of ro(n 3 ), and only at the 
component H x r (r) where r = 1 if X has pure A-type, or at components where r 2 = 1 (mod 4M) 
otherwise. These poles may only have order -^jj. This implies that the function (. H x r (r)S x r (T )) 
has no pole at any cusp, and is therefore a candidate for an application of Theorem 12.21 
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The modular transformation of SM,r ( T ) implies that 

(0-e,s) 2 = (&e,T) U1 = I 

where S = ^ , T = ^ , and I is the identity matrix. Therefore <S'^ r (r), viewed as 

a scalar-valued modular function, is modular on r(4M), and so (H^ r {r)S^ r (T)) is a weight 2 
nonholomorphic scalar-valued modular form for the group T(4M) n To (n g ) with trivial multiplier. 
Applying Theorem 12.21 we obtain a function F^ r {r )—call it the holomorphic projection of 

F g-r (T)S* r (r)—which is a weight 2 quasimodular form on T(4M) nTo(n g ). In the case that S* r (r) 
is zero, we substitute S^ r (r) in its place to obtain a function F^ r (r) = H^ r {r)Sf r (r) which is a 
weight 2 holomorphic scalar-valued modular form for the group T(AM) nTo(re 9 ) with multiplier v g 
(alternatively, modular for the group T(AM) H Yo(n g h g ) with trivial multiplier). 

The function F^ r (r) may be determined explicitly as the sum of Eisenstein series and cusp 
forms on T(4M) nTo(n 9 /i 9 ) using the standard arguments from the theory of holomorphic modular 
forms (i.e. the “first few” coefficients determine such a form). Therefore, we have the identity 

F £r( T ) = H fA T ) ' S fA T ) + D gA T )> ( 2 - 2 ) 

where the function D^ r (r) is the correction term arising in Theorem 12.21 If X has pure A-type, 
then 


where 


OO 

D gA T ) = (Xg,r ) 2 - n)q™ , 

N=1 m,nGZ_|_ 
m 2 —n 2 =N 




±1 if 1 = ±r (mod 2 M) 
0 otherwise. 


(2.3) 


OO 

Suppose H^ r {r) = ^ A^ r {n)q n ~« where 0 < D < AM and D = r 2 (mod AM), and F* r (r) = 

77.—0 

OO 

S Y " r (n)g n . Then by Theorem 12.21 we find that 

N =0 


BfA N ) =x 


-<-Xa 
9,r 


£ 


m 


A 


x 

g,r 


m€Z 

(mod 2M) 


N + 


D — m* 
AM 


+ (x Xa 


g,r 


4> r (m)cj) r (n)(m — n). 


m,n£Z+ 

n 2 —n 2 =N 


(2.4) 


The function F* r (r) may be found in the following manner. Using the explicit prescriptions 
for (t) given in HB.31 and (12.21) above, we may calculate the first several coefficients of each 
component. The Eisenstein component is determined by the constant terms at cusps. Since D^ r (r) 
(and the corresponding correction terms at other cusps) has no constant term, these are the same as 
the constant terms of H* r A)S X r (r), which are determined by the poles of H* r . Call this Eisenstein 
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component E x r (r). The cuspidal component can be found by matching the initial coefficients of 
F g x r (r) - E x r (r). 

Once the coefficients B x r (n) are known, equation (|2.4D provides a recursion relation which may 
be used to calculate the coefficients of H x r {r). If the shadows S x r (t) are zero, then we may apply 

OO 

a similar procedure in order to determine F x r (r). For example, suppose F x r {r) = ]T B x r (n)q n , 

N=0 

and X has pure A-type. Then we find that the coefficients B x r (N) satisfy 


B* r {N) = X* 


- 0 X A 
r 


E 

m£jj 

m=r (mod 2 M) 


. x i „ T D — m 2 

m - A sA N + —*~ 


(2.5) 


Proceeding in this way we obtain the claimed results. 


□ 


3 Proof of Theorem 1.1 


Here we prove Theorem 11.11 The idea is as follows. For each Niemeier root system X we begin 
with the vector-valued mock modular forms (H x (r)) for g € G x . We use their g-expansions to 
solve for the g-series whose coefficients are the alleged multiplicities of the irreducible components 
of the alleged infinite-dimensional -module 


K x = 


© 

(mod 2m) 


© 


K. 


x 

r,—D/Am’ 


DeZ, D< 0, 
D=r 2 (mod 4m) 


These g-series turn out to be mock modular forms. The proof requires that we establish that these 
mock modular forms have non-negative integer coefficients. 


Proof of Theorem 11.11 As in the previous section, we fix a root system X and set M := m , and 
we emphasize the case when X is of pure A-type. 

The urnbral moonshine conjecture asserts that 


OO 

ff» = EE m x r (n)x(,g)q 


(3.1) 


n =0 X 


where the second sum is over the irreducible characters of G x . Here we have rewritten the traces 
of the graded components K x n r2 /^ M in 11.41 in terms of the values of the irreducible characters 

of G x , where the m x r (n ) are the corresponding multiplicities. Naturally, if such a K x exists, 
these multiplicities must be non-negative integers for n > 0. Similarly, if the mock modular forms 
H x r (r) can be expressed as in 13. II with m x r {n) non-negative integers, then we may construct the 
urnbral moonshine module K x explicitly with ^/ n _ r 2 / 4M defined as the direct sum of irreducible 


components with the given multiplicities m x r (n). 


Let 


B x ,r( T ) ■ \G X \ 


^2x(g)H x r (r). 


(3.2) 
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It turns out that the coefficients of H x r (r) are precisely the multiplicities rn x r (n) required so that 
13.11 holds: if 

°° r 2 

h xA t ) = Y m xA n A n ~^i ( 3 - 3 ) 

n =0 

then 

00 2 

m x,r■i n )x(g)q n * M - 

n =0 X 

Thus the umbral moonshine conjecture is true if and only if the Fourier coefficients of H x r {r) are 
non-negative integers. 

To see this fact, we recall the orthogonality of characters. For irreducible characters x.i and Xji 


1 

W\ 


Y Xi(g)xj(g) 

9&G x 


1 if Xi = Xj, 
0 otherwise. 


We also have the relation for g and h £ G x , 


Y Xi (Axi(h) 

x 


I C G X (5)1 
0 


if g and h are conjugate, 
otherwise. 


(3.4) 


(3.5) 


Here \C G x(g)\ is the order of the centralizer of g in G x . Since the order of the centralizer times 
the order of the conjugacy class of an element is the order of the group, ([3.2ft and (13.51) together 
imply the relation 

H fA T ) = Y x ^ H xA T ^ 

x 

which in turn implies 13.31 

We have reduced the theorem to proving that the coefficients of certain weight | mock modular 
forms are all non-negative integers. For holomorphic modular forms we may answer questions of 
this type by making use of Sturm’s theorem [49] (see also Theorem 2.58 of [44]). This theorem 
provides a bound B associated to a space of modular forms such that if the first B coefficients of a 
modular form /(r) are integral, then all of the coefficients of /(r) are integral. This bound reduces 
many questions about the Fourier coefficients of modular forms to finite calculations. 

Sturm’s theorem relies on the finite dimensionality of certain spaces of modular forms, and 
so it can not be applied directly to spaces of mock modular forms. However, by making use of 
holomorphic projection we can adapt Sturm’s theorem to this setting. 

Let be defined as above. Recall that the transformation matrix for the vector-valued 

function H x r {r)) is cr 9;7 , the conjugate of the transformation matrix for (S x t (t)) when 7 € 
To(n g hg), and <7 gn is the identity for 7 € T(4M). Therefore if 

N x := lc m{n g hg | g € G,x(g) + 0}, 

then the scalar-valued functions H x r {r) are modular on T(4M) n Fo(A^^). 

Let 

A xA t ) ■= H xAA S ?A t ), 
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and let A X;r (r) be the holomorphic projection of A Xj1 .(t). Suppose that H xr {r) has integral coef¬ 
ficients up to some bound B. Formulas for the shadow functions (cf. 11B.2D show that the leading 
coefficient of (t) is 1 and has integral coefficients. This implies that the function 

A x>r (r) := H^ r {r)S^{r) 

also has integral coefficients up to the bound B. The shadow of H x (t) is given by 

S x,r( T ) : = J^xJ^2x(g)S^ r (r). 

9 

If X is pure A-type, then S^ r (r) = xf 4 ^M,r(T) = (x'(ff) + for some irreducible 

characters x' and x"■ according to < 1A.3| mid 4B.2I Therefore, 



SmA t ) if X = X' or X ", 

0 otherwise. 


When X is not of pure A-type the shadow is some sum of such functions, but in every case has 
integer coefficients, and so, applying Theorem 12.21 to A x , r (r), we find that A X}T (t) also has integer 
coefficients up to the bound B. In particular, since A x ^(t) is modular on T(4M) n Tq{N^), 
then if B is at least the Sturm bound for this group we have that every coefficient of A xt (t) is 
integral. Since the leading coefficient of S'^ 1 (r) is 1, we may reverse this argument and obtain that 
every coefficient of H x ^{t) is integral. Therefore, in order to check that H xr {r) has only integer 
coefficients, it suffices to check up to the Sturm bound for T(4M) C\To(N x ). These calculations were 
carried out using the sage mathematical software tm. 

The calculations and argument given above shows that the multiplicities m x r {n ) are all integers. 
To complete the proof, it suffices to check that they are also are non-negative. The proof of this 
claim follows easily by modifying step-by-step the argument in Gannon’s proof of non-negativity 
in the M 24 case m (i-e- X = Af 4 ). Here we describe how this is done. 

Expressions for the alleged McKay-Thompson series H^ r (r) in terms of Rademacher sums 
and unary theta functions are given in 11B.4I Exact formulas are known for all the coefficients of 
Rademacher sums because they are defined by averaging the special function r V 2 (fo r ) ( see 4E3HD) 
over cosets of a specific modular group modulo Too, the subgroup of translations. Therefore, 
Rademacher sums are standard Maass-Poincare series, and as a result we have formulas for each of 
their coefficients as convergent infinite sums of Kloosterman-type sums weighted by values of the 
I \/2 modified Bessel function. (For example, see [ 8 ] or (53] for the general theory, and ( 12 ] for the 
specific case that X = A^ 4 .) More importantly, this means also that the generating function for the 
multiplicities m x r (n) is a weight ^ harmonic Maass form, which in turn means that exact formulas 
(modulo the unary theta functions) are also available in similar terms. For positive integers n, this 
then means that (cf. Theorem 1.1 of [8j) 

x / 4irA\nm 

V c 

where the sums are over the cusps p of the group ro(lV^), and finitely many explicit negative 
rational numbers m. The constants a* (m) are essentially the coefficients which describe the gen¬ 
erating function in terms of Maass-Poincare series. Here I is a suitable normalization and change 
of variable for the standard I 1/2 modified Bessel-function. 


m. 


X 

X,r 


( n ) = EE 


X 


( m ) 


p m< 0 


1 

n 4 


E 

C— 1 


K^f (rn, n, c ) 
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The Kloosterman-type sums {rn. n,c) are well known to be related to Salie-type sums (for 
example see Proposition 5 of [50]). These Salie-type sums are of the form 

Sf(m,n,c)= Y 

x (mod c) 

x 2 =—D(m,n) (mod c) 



where e x (m, n) is a root of unity, — D(m , n) is a discriminant of a positive definite binary quadratic 
form, and f3 x is a nonzero positive rational number. 

These Salie sums may then be estimated using the equidistribution of CM points with discrim¬ 
inant —D(m,n). This process was first introduced by Hooley [38j, and it was first applied to the 
coefficients of weight 4 mock modular forms by Bringmann and Ono [7J. Gannon explains how to 
make effective the estimates for sums of this shape in §4 of m , thereby reducing the proof of the 
M 24 case of umbral moonshine to a finite calculation. In particular, in equations (4.6-4.10) of [37] 
Gannon shows how to bound coefficients of the form (13.61) in terms of the Selberg-Kloosterman 
zeta function, which is bounded in turn in his proof of Theorem 3 of [37]. We follow Gannon’s 
proof mutatis mutandis. We find, for most root systems, that the coefficients of each multiplicity 
generating function are positive beyond the 390th coefficient. In the worst case, for the root system 
X = El we find that the coefficients are positive beyond the 1780th coefficient. Moreover, the 
coefficients exhibit subexponential growth. A finite computer calculation in sage has verified the 
non-negativity of the finitely many remaining coefficients. □ 

Remark. It turns out that the estimates required for proving non-negativity are the worst for the 
X = Eg case which required 1780 coefficients. 
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A The Umbral Groups 

In this section we present the facts about the umbral groups that we have used in establishing 
the main results of this paper. We recall (from [16]) their construction in terms of Niemeier root 
systems in 13A.ll and we reproduce their character tables (appearing also in [16]) in ' I A .21 Note 
that we use the abbreviations a n := \J—n and b n := (—1 + \f—n)/ 2 in the tables of TA.2I 

The root system description of the umbral groups (cf. d A. II) gives rise to certain characters 
called twisted Euler characters which we recall (from [16]) in 13A.3I The data appearing in d A.3I 
plays an important role in dB.2l where we use it to describe the shadows S x of the umbral McKay- 
Thompson series H x explicitly. 

A.l Construction 

As mentioned in [Jl] there are exactly 24 self-dual even positive-definite lattices of rank 24 up to 
isomorphism, according to the classification of Niemeier [43] (cf. also [191152] ). Such a lattice L is 
determined up to isomorphism by its root system L 2 := {a € L \ (a, a) = 2}. The unique example 
without roots is the Leech lattice. We refer to the remaining 23 as the Niemeier lattices, and we 
call a root system X a Niemeier root system if it occurs as the root system of a Niemeier lattice. 

The simple components of Niemeier root systems are root systems of ADE type, and it turns 
out that the simple components of a Niemeier root system X all have the same Coxeter number. 
Define rn x to be the Coxeter number of any simple component of X, and call this the Coxeter 
number of X. 

For X a Niemeier root system write N x for the corresponding Niemeier lattice. The umbral 
group attached to X is defined by setting 

G x := Aut (N x )/W x (A.l) 

where W x is the normal subgroup of Aut(W Y ) generated by reflections in root vectors. 

Observe that G x acts as permutations on the simple components of X. In general this action 
is not faithful, so define G' to be the quotient of G x by its kernel. It turns out that the level of 
the mock modular form H x attached to g £ G x is given by the order, denoted n g , of the image of 
g in G x . (Cf. HA .31 for the values n g .) 

The Niemeier root systems and their corresponding umbral groups are described in Table [T| 
The root systems are given in terms of their simple components of ADE type. Here D\qEj, for 
example, means the direct sum of one copy of the D\q root system and two copies of the £7 root 
system. The symbol £ is called the lambency of X, and the Coxeter number m x appears as the 
first summand of i. 

In the descriptions of the umbral groups G x , and their permutation group quotients G x , we 
write M 24 and Mi 2 for the sporadic simple groups of Mathieu which act quintuply transitively on 
24 and 12 points, respectively. (Cf. e.g. [21].) We write GL n (q) for the general linear group of 
a vector space of dimension n over a field with q elements, and SL n (q ) is the subgroup of linear 
transformations with determinant 1, &c. The symbols AGL 3 ( 2 ) denote the affine general linear 
group, obtained by adjoining translations to GL 3 ( 2 ). We write Dih n for the dihedral group of order 
2 n, and Sym n denotes the symmetric group on n symbols. We use n as a shorthand for a cyclic 
group of order n. 


















A THE UMBRAL GROUPS 


16 


Table 1: The Umbral Groups 


X 

A 24 

A 12 

21 2 

CO 00 

A! 

A 4 D 4 

4 4 

A 2 D\ 

£ 

2 

3 

4 

5 

6 

7 

8 

G x 

M24 

2.M\2 

2.AGL 3 (2) 

GL 2 ( 5)/2 

GL 2 ( 3) 

SL 2 (3) 

I)ih 4 

G x 

M24 

M\2 

AGL 3 ( 2) 

PGL 2 ( 5) 

PGL 2 ( 3) 

PSL 2 ( 3) 

2 2 

X 

A 3 

a 2 d 6 

AnTbEe 

4 2 

^12 

^ 15^9 

A17P7 

^24 

£ 

9 

10 

12 

13 

16 

18 

25 

G x 

Dih 6 

4 

2 

4 

2 

2 

2 

G x 

Sym 3 

2 

1 

2 

1 

1 

1 

X 

Dt 

Dt 

Dl 

D 10 E 2 


DiqE 3 

D24 

£ 

6+3 

10+5 

14+7 

18+9 

22+11 

30+15 

46+23 

G x 

3 .Sym 6 

Sym 4 

Sym 3 

2 

2 

1 

1 

G x 

Sym 6 

Sym 4 

Sym 3 

2 

2 

1 

1 


X 

Et 

El 

£ 

12+4 

30+6,10,15 

G x 

GL 2 ( 3) 

Sym 3 

G x 

PGL 2 ( 3) 

Sym 3 


We also use the notational convention of writing A.B to denote the middle term in a short exact 
sequence 1 —>• A —>• A.B — » B —>• 1. This introduces some ambiguity which is nonetheless easily 
navigated in practice. For example, 2.M 32 is the unique (up to isomorphism) double cover of M \2 
which is not 2 x M 1 2 . The group AGL 3 (2) naturally embeds in GL4{2), which in turn admits a 
unique (up to isomorphism) double cover 2.GL4(2) which is not a direct product. The group we 
denote 2.AGL3(2) is the preimage of AGL 3 (2) < GL4(2) in 2.GL4(2) under the natural projection. 
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Table 2 : Character table of G x — M 24 , X = Af 4 


19 ] 


FS 


1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 7B 8A 10A 11A 12A 12B 14A 14B 15A 15B 21A 21B 23A 23B 


l9 2 } 

l9 3 } 

[<? 5 ] 

W] 

[g lr 


1A 1A 1A 3A 3B 2A 2A 2B 5A 3A 3B 7A 7B 4B 5A HA 6A 6B 7A 7B 15A 15B 21A 21B 23A 23B 

1A 2A 2B 1A 1A 4A 4B 4C 5A 2A 2B 7B 7A 8A 10A 11A 4A 4C 14B 14A 5A 5A 7B 7A 23A 23B 

1A 2A 2B 3A 3B 4A 4B 4C 1A 6A 6B 7B 7A 8A 2B HA 12A 12B 14B 14A 3A 3A 21B 21A 23B 23A 

1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 1A 1A 8A 10A HA 12A 12B 2A 2A 15B 15A 3B 3B 23B 23A 

1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 7B 8A 10A 1A 12A 12B 14A 14B 15B 15A 21A 21B 23B 23A 

1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 7B 8A 10A HA 12A 12B 14A 14B 15A 15B 21A 21B 1A 1A 


Xi 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X2 

+ 

23 

7 

-1 

5 

-1 

-1 

3 

-1 

3 

1 

-1 

2 

2 

1 

-1 

1 

-1 

-1 

0 

0 

0 

0 

-1 

-1 

0 

0 

X3 

O 

45 

-3 

5 

0 

3 

-3 

1 

1 

0 

0 

-1 

b? 

67 

-1 

0 

1 

0 

1 

—67 

—67 

0 

0 

67 

67 

-1 

-1 

X4 

O 

45 

-3 

5 

0 

3 

-3 

1 

1 

0 

0 

-1 

b 7 

67 

-1 

0 

1 

0 

1 

—67 

—67 

0 

0 

67 

67 

-1 

-1 

X5 

O 

231 

7 

-9 

-3 

0 

-1 

-1 

3 

1 

1 

0 

0 

0 

-1 

1 

0 

-1 

0 

0 

0 

b\5 

bi5 

0 

0 

1 

1 

X 6 

O 

231 

7 

-9 

-3 

0 

-1 

-1 

3 

1 

1 

0 

0 

0 

-1 

1 

0 

-1 

0 

0 

0 

bi5 

bi5 

0 

0 

1 

1 

X7 

+ 

252 

28 

12 

9 

0 

4 

4 

0 

2 

1 

0 

0 

0 

0 

2 

-1 

1 

0 

0 

0 

-1 

-1 

0 

0 

-1 

-1 

X 8 

+ 

253 

13 

-11 

10 

1 

-3 

1 

1 

3 

-2 

1 

1 

1 

-1 

-1 

0 

0 

1 

-1 

-1 

0 

0 

1 

1 

0 

0 

X9 

+ 

483 

35 

3 

6 

0 

3 

3 

3 

-2 

2 

0 

0 

0 

-1 

-2 

-1 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

X 10 

O 

770 

-14 

10 

5 

-7 

2 

-2 

-2 

0 

1 

1 

0 

0 

0 

0 

0 

-1 

1 

0 

0 

0 

0 

0 

0 

&23 

&23 

X 11 

O 

770 

-14 

10 

5 

-7 

2 

-2 

-2 

0 

1 

1 

0 

0 

0 

0 

0 

-1 

1 

0 

0 

0 

0 

0 

0 

623 

&23 

X 12 

O 

990 

-18 

-10 

0 

3 

6 

2 

-2 

0 

0 

-1 

b 7 

67 

0 

0 

0 

0 

1 

67 

67 

0 

0 

67 

67 

1 

1 

Xl3 

O 

990 

-18 

-10 

0 

3 

6 

2 

-2 

0 

0 

-1 

b 7 

67 

0 

0 

0 

0 

1 

67 

67 

0 

0 

67 

67 

1 

1 

X14 

+ 

1035 

27 

35 

0 

6 

3 

-1 

3 

0 

0 

2 

-1 

-1 

1 

0 

1 

0 

0 

-1 

-1 

0 

0 

-1 

-1 

0 

0 

Xl5 

O 

1035 

-21 

-5 

0 

-3 

3 

3 

-1 

0 

0 

1 

267 267 

-1 

0 

1 

0 

-1 

0 

0 

0 

0 

—67 

—67 

0 

0 

Xl 6 

O 

1035 

-21 

-5 

0 

-3 

3 

3 

-1 

0 

0 

1 

267 267 

-1 

0 

1 

0 

-1 

0 

0 

0 

0 

—67 

—67 

0 

0 

Xl7 

+ 

1265 

49 

-15 

5 

8 

-7 

1 

-3 

0 

1 

0 

-2 

-2 

1 

0 

0 

-1 

0 

0 

0 

0 

0 

1 

1 

0 

0 

X18 

+ 

1771 

-21 

11 

16 

7 

3 

-5 

-1 

1 

0 

-1 

0 

0 

-1 

1 

0 

0 

-1 

0 

0 

1 

1 

0 

0 

0 

0 

Xl9 

+ 

2024 

8 

24 

-1 

8 

8 

0 

0 

-1 

-1 

0 

1 

1 

0 

-1 

0 

-1 

0 

1 

1 

-1 

-1 

1 

1 

0 

0 

X20 

+ 

2277 

21 

-19 

0 

6 

-3 

1 

-3 

-3 

0 

2 

2 

2 

-1 

1 

0 

0 

0 

0 

0 

0 

0 

-1 

-1 

0 

0 

X21 

+ 

3312 

48 

16 

0 

-6 

0 

0 

0 

-3 

0 

-2 

1 

1 

0 

1 

1 

0 

0 

-1 

-1 

0 

0 

1 

1 

0 

0 

X22 

+ 

3520 

64 

0 

10 

-8 

0 

0 

0 

0 

-2 

0 

-1 

-1 

0 

0 

0 

0 

0 

1 

1 

0 

0 

-1 

-1 

1 

1 

X23 

+ 

5313 

49 

9 

-15 

0 

1 

-3 

-3 

3 

1 

0 

0 

0 

-1 

-1 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

X24 

+ 

5544 

-56 

24 

9 

0 

-8 

0 

0 

-1 

1 

0 

0 

0 

0 

-1 

0 

1 

0 

0 

0 

-1 

-1 

0 

0 

1 

1 

X25 

+ 

5796 

-28 

36 

-9 

0 

-4 

4 

0 

1 

-1 

0 

0 

0 

0 

1 

-1 

-1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

X26 

+ 

10395 

-21 

-45 

0 

0 

3 

-1 

3 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

-1 


-4 
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Table 3: Character table of G x — 2. M\ 2 , X = A 3, 2 


>■ 


[ 9 } 

FS 

1A 

[g 2 ] 


1A 

[g s ] 


1A 



1A 

b 11 ] 


1A 


2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 5A 10A 12A 6C 6D 8A 8B 8C 8D 20A 20B 11A 22A 11B 22B 

1A 2A 1A 1A 3A 3A 3B 3B 2B 2B 5A 5A 6B 3A 3A 4B 4B 4C 4C 10A 10A 11B 11B 11A 11A 

2A 4A 2B 2C 1A 2A 1A 2A 4B 4C 5A 10A 4A 2B 2C 8A 8B 8C 8D 20A 20B 11A 22A 11B 22B 

2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 1A 2A 12A 6C 6D 8B 8A 8D 8C 4A 4A 11A 22A 11B 22B 

2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 5A 10A 12A 6C 6D 8A 8B 8C 8D 20B 20A 1A 2A 1A 2A 


Ai 

+ 

1 

1 

1 

1 

1 

1 

1 
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1 

1 

1 

1 

1 

1 
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1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X2 

+ 

11 

11 

-1 

3 

3 

2 

2 

-1 

-1 

-1 

3 

1 

1 

-1 

0 

0 

-1 

-1 

1 

1 

-1 

-1 

0 

0 

0 

0 

X 3 

+ 

11 

11 

-1 

3 

3 

2 

2 

-1 

-1 

3 

-1 

1 

1 

-1 

0 

0 

1 

1 

-1 

-1 

-1 

-1 

0 

0 

0 

0 

X 4 

0 

16 

16 

4 

0 

0 

-2 

-2 

1 

1 

0 

0 

1 

1 

1 

0 

0 

0 

0 

0 

0 

-1 

-1 

611 

fell 

hi 

hi 

X 5 

0 

16 

16 

4 

0 

0 

-2 

-2 

1 

1 

0 

0 

1 

1 

1 

0 

0 

0 

0 

0 

0 

-1 

-1 

bn 

fell 

fell 

bn 

X 6 

+ 

45 

45 

5 

-3 

-3 

0 

0 

3 

3 

1 

1 

0 

0 

-1 

0 

0 

-1 

-1 

-1 

-1 

0 

0 

1 

1 

1 

1 

X 7 
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54 

54 

6 

6 

6 

0 

0 

0 

0 

2 

2 

-1 

-1 

0 

0 

0 

0 

0 

0 

0 

1 

1 

-1 

-1 

-1 

-1 

X 8 

+ 

55 

55 

-5 

7 

7 

1 

1 

1 

1 

-1 

-1 

0 

0 

1 

1 

1 

-1 

-1 

-1 

-1 

0 

0 

0 

0 

0 

0 

X 9 

+ 

55 

55 

-5 

-1 

-1 

1 

1 

1 

1 

3 

-1 

0 

0 

1 

-1 

-1 

-1 

-1 

1 

1 

0 

0 

0 

0 

0 

0 

XIO 

+ 

55 

55 

-5 

-1 

-1 

1 

1 

1 

1 

-1 

3 

0 

0 

1 

-1 

-1 

1 

1 

-1 

-1 

0 

0 

0 

0 

0 

0 

X11 

+ 

66 

66 

6 

2 

2 

3 

3 

0 

0 

-2 

-2 

1 

1 

0 

-1 

-1 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

X12 

+ 

99 

99 

-1 

3 

3 

0 

0 

3 

3 

-1 

-1 

-1 

-1 

-1 

0 

0 

1 

1 

1 

1 

-1 

-1 

0 

0 

0 

0 

X13 

+ 

120 

120 

0 

-8 

-8 

3 

3 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

-1 

-1 

-1 

-1 

Xl 4 

+ 

144 

144 

4 

0 

0 

0 

0 

-3 

-3 

0 

0 

-1 

-1 

1 

0 

0 

0 

0 

0 

0 

-1 

-1 

1 

1 

1 

1 

Xl 5 

+ 

176 

176 

-4 

0 

0 

-4 

-4 

-1 

-1 

0 

0 

1 

1 

-1 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

X 16 

0 

10 

-10 

0 

-2 

2 

1 

-1 

-2 

2 

0 

0 

0 

0 

0 

1 

-1 

a 2 

02 

02 

02 

0 

0 

-1 

1 

-1 

1 

X 17 

0 

10 

-10 

0 

-2 

2 

1 

-1 

-2 

2 

0 

0 

0 

0 

0 

1 

-1 

02 

02 

02 

02 

0 

0 

-1 

1 

-1 

1 

X 18 

+ 

12 

-12 

0 

4 

-4 

3 

-3 

0 

0 

0 

0 

2 

-2 

0 

1 

-1 

0 

0 

0 

0 

0 

0 

1 

-1 

1 

-1 

X 19 

— 

32 

-32 

0 

0 

0 

-4 

4 

2 

-2 

0 

0 

2 

-2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

1 

-1 

1 

X20 

0 

44 

-44 

0 

4 

-4 

-1 

1 

2 

-2 

0 

0 

-1 

1 

0 

1 

-1 

0 

0 

0 

0 

05 

05 

0 

0 

0 

0 

X21 

0 

44 

-44 

0 

4 

-4 

-1 

1 

2 

-2 

0 

0 

-1 

1 

0 

1 

-1 

0 

0 

0 

0 

05 

05 

0 

0 

0 

0 

X22 

0 

110 

-110 

0 

-6 

6 

2 

-2 

2 

-2 

0 

0 

0 

0 

0 

0 

0 

a 2 

02 

aA_ 

02 

0 

0 

0 

0 

0 

0 

X 23 

0 

110 

-110 

0 

-6 

6 

2 

-2 

2 

-2 

0 

0 

0 

0 

0 

0 

0 

02 

02 

02 

02 

0 

0 

0 

0 

0 

0 

X 24 

+ 

120 

-120 

0 

8 

-8 

3 

-3 

0 

0 

0 

0 

0 

0 

0 

-1 

1 

0 

0 

0 

0 

0 

0 

-1 

1 

-1 

1 

X 25 

0 

160 

-160 

0 

0 

0 

-2 

2 

-2 

2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-fell 

fell 

-hi 

fell 

X 26 

0 

160 

-160 

0 

0 

0 

-2 

2 

-2 

2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-fell 

fell 

-fell 

fell 


00 
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Table 4: Character table of G x — 2.AGLs(2), X = A| 


[5] 

FS 

1A 

2A 

2B 

4A 

4B 

2C 

3A 

6A 

6B 

6C 

8A 

4C 

7A 

14A 

7B 

14B 

[,9 2 ] 


1A 

1A 

1A 

2A 

2B 

1A 

3A 

3A 

3A 

3A 

4A 

2C 

7A 

7 A 

7B 

7B 

\a 3 } 


1A 

2A 

2B 

4A 

4B 

2C 

1A 

2A 

2B 

2B 

8A 

4C 

7B 

14B 

7A 

14A 

W] 


1A 

2A 

2B 

4A 

4B 

2C 

3A 

6A 

6B 

6C 

8A 

4C 

1A 

2A 

1A 

2A 

Xi 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X2 

O 

3 

3 

3 

-1 

-1 

-1 

0 

0 

0 

0 

1 

1 

b 7 

b 7 

67 

67 

X3 

O 

3 

3 

3 

-1 

-1 

-1 

0 

0 

0 

0 

1 

1 

b 7 

b 7 

67 

67 

X4 

+ 

6 

6 

6 

2 

2 

2 

0 

0 

0 

0 

0 

0 

-1 

-1 

-1 

-1 

X5 

+ 

7 

7 

7 

-1 

-1 

-1 

1 

1 

1 

1 

-1 

-1 

0 

0 

0 

0 

X6 

+ 

8 

8 

8 

0 

0 

0 

-1 

-1 

-1 

-1 

0 

0 

1 

1 

1 

1 

X7 

+ 

7 

7 

-1 

3 

-1 

-1 

1 

1 

-1 

-1 

1 

-1 

0 

0 

0 

0 

X8 

+ 

7 

7 

-1 

-1 

-1 

3 

1 

1 

-1 

-1 

-1 

1 

0 

0 

0 

0 

X9 

+ 

14 

14 

-2 

2 

-2 

2 

-1 

-1 

1 

1 

0 

0 

0 

0 

0 

0 

X 10 

+ 

21 

21 

-3 

1 

1 

-3 

0 

0 

0 

0 

-1 

1 

0 

0 

0 

0 

X 11 

+ 

21 

21 

-3 

-3 

1 

1 

0 

0 

0 

0 

1 

-1 

0 

0 

0 

0 

X 12 

+ 

8 

-8 

0 

0 

0 

0 

2 

-2 

0 

0 

0 

0 

1 

-1 

1 

-1 

Xl3 

O 

8 

—8 

0 

0 

0 

0 

-1 

1 

03 

03 

0 

0 

1 

-1 

1 

-1 

Xl4 

O 

8 

—8 

0 

0 

0 

0 

-1 

1 

03 

03 

0 

0 

1 

-1 

1 

-1 

Xl5 

O 

24 

-24 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

67 

—67 

67 

—67 

Xl6 

O 

24 

-24 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

b 7 

—b 7 

67 

—b 7 


Table 5: Character table of G x — GL2(5)/2, X = A® 


[5] 

FS 

1A 

2A 

2B 

2C 

3A 

6A 

5A 

10A 

4A 

4B 

4C 

4D 

12A 

12B 

[a 2 ] 


1A 

1A 

1A 

1A 

3A 

3A 

5A 

5A 

2A 

2A 

2C 

2C 

6A 

6A 

la 3 ] 


1A 

2A 

2B 

2C 

1A 

2A 

5A 

10A 

4B 

4A 

4D 

4C 

4B 

4A 

[5 5 ] 


1A 

2A 

2B 

2C 

3A 

6A 

1A 

2A 

4A 

4B 

4C 

4D 

12A 

12B 

Xi 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X2 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

-1 

-1 

X3 

+ 

4 

4 

0 

0 

1 

1 

-1 

-1 

2 

2 

0 

0 

-1 

-1 

X4 

+ 

4 

4 

0 

0 

1 

1 

-1 

-1 

-2 

-2 

0 

0 

1 

1 

X5 

+ 

5 

5 

1 

1 

-1 

-1 

0 

0 

1 

1 

-1 

-1 

1 

1 

X6 

+ 

5 

5 

1 

1 

-1 

-1 

0 

0 

-1 

-1 

1 

1 

-1 

-1 

X7 

+ 

6 

6 

-2 

-2 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

X8 

O 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

Ol 

-Ol 

Ol 

-01 

Ol 

-Ol 

X9 

O 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

-a 1 

Ol 

—Ol 

Ol 

-Ol 

Ol 

X10 

O 

4 

-4 

0 

0 

1 

-1 

-1 

1 

2a\ 

—2ai 

0 

0 

-Ol 

Ol 

X 11 

O 

4 

-4 

0 

0 

1 

-1 

-1 

1 

—2ai 

2 o-i 

0 

0 

Ol 

-Ol 

X 12 

O 

5 

-5 

1 

-1 

-1 

1 

0 

0 

Ol 

-Ol 

-Oi 

Ol 

Ol 

-Ol 

X13 

O 

5 

-5 

1 

-1 

-1 

1 

0 

0 

-Ol 

Ol 

Ol 

-Ol 

-Ol 

Ol 

Xl4 

+ 

6 

-6 

-2 

2 

0 

0 

1 

-1 

0 

0 

0 

0 

0 

0 
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Table 6: Character table of G x — GL 2 (3), X G {A|T> 4 ,E|} 


[ 9 ] 

FS 

1A 

2A 

2B 

4A 

3A 

6A 

8A 

8B 

[a 2 ] 


1A 

1A 

1A 

2A 

3A 

3A 

4A 

4A 

b 3 ] 


1A 

2A 

2B 

4A 

1A 

2A 

8A 

8B 

Xi 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

X2 

+ 

1 

1 

-1 

1 

1 

1 

-1 

-1 

X3 

+ 

2 

2 

0 

2 

-1 

-1 

0 

0 

X4 

+ 

3 

3 

-1 

-1 

0 

0 

1 

1 

X5 

+ 

3 

3 

1 

-1 

0 

0 

-1 

-1 

X6 

O 

2 

-2 

0 

0 

-1 

1 

a 2 

02 

X7 

O 

2 

-2 

0 

0 

-1 

1 

02 

02 

X8 

+ 

4 

-4 

0 

0 

1 

-1 

0 

0 


Table 7: Character table of G x — 3.Sym 6 , X = Df 


[ 9 } 

FS 

1A 

3A 

2A 

6A 

3B 

3C 

4A 

12A 

5A 

15A 

15B 

2B 

2C 

4B 

6B 

6C 

[9 2 ] 


1A 

3A 

1A 

3A 

3B 

3C 

2A 

6A 

5A 

15A 

15B 

1A 

1A 

2A 

3B 

3C 

b 3 l 


1A 

1A 

2A 

2A 

1A 

1A 

4A 

4A 

5A 

5A 

5A 

2B 

2C 

4B 

2B 

2C 

b 5 ] 


1A 

3A 

2A 

6A 

3B 

3C 

4A 

12A 

1A 

3A 

3A 

2B 

2C 

4B 

6B 

6C 

Xi 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X'2 

+ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

-1 

X'3 

+ 

5 

5 

1 

1 

2 

-1 

-1 

-1 

0 

0 

0 

3 

-1 

1 

0 

-1 

X4 

+ 

5 

5 

1 

1 

2 

-1 

-1 

-1 

0 

0 

0 

-3 

1 

-1 

0 

1 

X5 

+ 

5 

5 

1 

1 

-1 

2 

-1 

-1 

0 

0 

0 

-1 

3 

1 

-1 

0 

X6 

+ 

5 

5 

1 

1 

-1 

2 

-1 

-1 

0 

0 

0 

1 

-3 

-1 

1 

0 

X7 

+ 

16 

16 

0 

0 

-2 

-2 

0 

0 

1 

1 

1 

0 

0 

0 

0 

0 

X8 

+ 

9 

9 

1 

1 

0 

0 

1 

1 

-1 

-1 

-1 

3 

3 

-1 

0 

0 

X9 

+ 

9 

9 

1 

1 

0 

0 

1 

1 

-1 

-1 

-1 

-3 

-3 

1 

0 

0 

X10 

+ 

10 

10 

-2 

-2 

1 

1 

0 

0 

0 

0 

0 

2 

-2 

0 

-1 

1 

X 11 

+ 

10 

10 

-2 

-2 

1 

1 

0 

0 

0 

0 

0 

-2 

2 

0 

1 

-1 

X 12 

O 

6 

-3 

-2 

1 

0 

0 

2 

-1 

1 

bi 5 

bi 5 

0 

0 

0 

0 

0 

Xl3 

O 

6 

-3 

-2 

1 

0 

0 

2 

-1 

1 

bi 5 

bi 5 

0 

0 

0 

0 

0 

Xl4 

+ 

12 

-6 

4 

-2 

0 

0 

0 

0 

2 

-1 

-1 

0 

0 

0 

0 

0 

Xl5 

+ 

18 

-9 

2 

-1 

0 

0 

2 

-1 

-2 

1 

1 

0 

0 

0 

0 

0 

Xl6 

+ 

30 

-15 

-2 

1 

0 

0 

-2 

1 

0 

0 

0 

0 

0 

0 

0 

0 
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Table 8 : Character table of G x — SL 2 (3), X = A| 


[ 9 } 

FS 

1A 

2A 

4A 

3A 

6 A 

3B 

6 B 

[g 2 ] 


1A 

1A 

2A 

3B 

3A 

3A 

3B 

Is 3 ] 


1A 

2A 

4A 

1A 

2A 

1A 

2A 

Xi 

+ 

1 

1 

1 

1 

1 

1 

1 

X 2 

O 

1 

1 

1 

b 3 


h 

b 3 

X3 

O 

1 

1 

1 

b 3 

63 

b 3 

b 3 

X4 

+ 

3 

3 

-1 

0 

0 

0 

0 

X5 

- 

2 

-2 

0 

-1 

1 

-1 

1 

X 6 

O 

2 

-2 

0 

-h 

b 3 

~b 3 

h 

X7 

O 

2 

-2 

0 

-63 

b 3 

-b 3 

b 3 


Table 9: Character table of G x ~ Dih 4, X = A^D^ 


[5] 

FS 

1A 

2A 

2B 

2C 

4A 

l9 2 } 

1A 

1A 

1A 

1A 

2A 

Xi 

+ 

1 

1 

1 

1 

1 

X 2 

+ 

1 

1 

-1 

-1 

1 

X3 

+ 

1 

1 

-1 

1 

-1 

X4 

+ 

1 

1 

1 

-1 

-1 

X5 

+ 

2 

-2 

0 

0 

0 


Table 10: Character table of G x ~ Dihg, X = Ag 


[9] 

FS 

1A 

2A 

2B 

2C 

3A 

6 A 

[g 2 ] 


1A 

1A 

1A 

1A 

3A 

3A 

b 3 ] 


1A 

2A 

2B 

2C 

1A 

2A 

Xi 

+ 

1 

1 

1 

1 

1 

1 

X 2 

+ 

1 

1 

-1 

-1 

1 

1 

X3 

+ 

2 

2 

0 

0 

-1 

-1 

X4 

+ 

1 

-1 

-1 

1 

1 

-1 

X5 

+ 

1 

-1 

1 

-1 

1 

-1 

X 6 

+ 

2 

-2 

0 

0 

-1 

1 
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Table 11: Character table of G x — 4, for X E {A^Dq, A\ 2 } 


Is] 

FS 

1A 

2A 

4A 

4B 

[ 9 2 ] 

1A 

1A 

2A 

2A 

Xi 

+ 

1 

1 

1 

1 

X 2 

+ 

1 

1 

-1 

-1 

X 3 

O 

1 

-1 

a 1 

ol 

X 4 

O 

1 

-1 

ol 

a 1 


Table 12: Character table of G x — PGL 2 ( 3 ) — Sym 4 , X = D\ 


is] 

FS 

1A 

2A 

3A 

2B 

4A 

[g 2 ] 


1A 

1A 

3A 

1A 

2A 

[g 3 ] 


1A 

2A 

1A 

2B 

4A 

Xi 

+ 

1 

1 

1 

1 

1 

X 2 

+ 

1 

1 

1 

-1 

-1 

X 3 

+ 

2 

2 

-1 

0 

0 

X 4 

+ 

3 

-1 

0 

1 

-1 

X 5 

+ 

3 

-1 

0 

-1 

1 


Table 13: Character table of G x — 2, for X E { AuDtEq , A 15 D 9 , A 17 E 7 , A 24 , D \ qEj , D 42 } 


[9] 

FS 

1A 

2A 

[g 2 \ 

1A 

1A 

Xi 

+ 

1 

1 

X 2 

+ 

1 

-1 


Table 14: Character table of G x ~ Sym 3 , X € {D 3 ,E 3 } 


[9] 

FS 

1A 

2A 

3A 

[g 2 \ 


1A 

1A 

3A 

b 3 ] 


1A 

2A 

1A 

Xi 

+ 

1 

1 

1 

X 2 

+ 

1 

-1 

1 

X 3 

+ 

2 

0 

-1 
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A.3 Twisted Euler Characters 

In this section we reproduce certain characters—the twisted Euler characters —which are attached 
to each group G x , via its action on the root system X. (Their construction is described in detail 
in §2.4 of |16].) 

To interpret the tables, write Xa for the (possibly empty) union of type A components of 
X, and interpret X£, and Xe similarly, so that if m = m x Then X = A(( 1 _ 1 for some d , and 
X = Xa U Xd U Xe , for example. Then g H > \g A denotes the character of the permutation 
representation attached to the action of G x on the simple components of Xa- The characters 
g i->- xf D and g xf E are defined similarly. The characters x^ A ■ X^ D ■ X^ E and X^ D incorporate 
outer automorphisms of simple root systems induced by the action G x on X. We refer to §2.4 
of [16] for full details of the construction. For the purposes of this work, it suffices to have the 
explicit descriptions in the tables in this section. The twisted Euler characters presented here will 
be used to specify the umbral shadow functions in HB.21 

The twisted Euler character tables also attach integers n g and h g to each g € G x . By definition, 
n g is the order of the image of g € G x in G x (cf. UA. II) . The integer h g may be defined by setting 
h g := Ng/rig where N g is the product of the shortest and longest cycle lengths appearing in the 
cycle shape attached to g by the action of G x on a (suitable) set of simple roots for X. 

Table 15: Twisted Euler characters at i = 2, X = Af 4 


[<?] 

1A 

2A 

2B 

3A 

3B 

4A 

4B 

4C 

5A 

6A 

6B 

n g\hg 

1|1 

2 1 

2 2 

3 1 

3 3 

4 2 

4 1 

4 4 

5|1 

6 1 

6|6 

\ XA 

Ag 

24 

8 

0 

6 

0 

0 

4 

0 

4 

2 

0 

[g] 

7AB 

8A 

10A 

11A 

12A 

12B 

L4AB 

15AB 21AB 23AB 


n g\hg 

7|1 

8 1 

10 2 

11|1 

12 2 

12 12 

14 1 

15|1 

2113 

23 1 


y X A 
Ag 

3 

2 

0 

2 

0 

0 

1 

1 

0 

1 



Table 16: Twisted Euler characters at l = 3, X = A3> 2 


[9] 

1A 

2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 5A 10A 12A 6C 6D 8AB 8CD 20AB 11AB 22AB 

n g \h g 

1|1 

1 4 2 8 2|1 2 2 3 1 3 4 3 3 3 12 4 2 4 1 5|1 

5 4 6 24 6 1 6|2 

8|4 

8 1 

10 8 

11|1 

114 

y X A 

12 

12 044330 0042 

2 0 11 

0 

2 

0 

1 

1 

Jxa 

Ag 

12 

-12 0 4-4 3-3 0 0 0 0 2 

-2 01-1 

0 

0 

0 

1 

-1 
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Table 17: Twisted Euler characters at i = 4, X = A| 


[ 9 ] 

1A 

2A 

2B 

4A 

4B 

2C 

3A 

6 A 

6 BC 

8 A 

4C 

7AB 

14AB 

n g\hg 

1|1 

1|2 2 2 2|4 4 4 2|1 3|1 3|2 

6|2 4 8 4|1 

7 1 

7|2 

y X A 

A q 

8 

8 

0 

0 

0 

4 

2 

2 

0 

0 

2 

1 

1 

y* A 

Ag 

8 

-8 

0 

0 

0 

0 

2 

-2 

0 

0 

0 

1 

-1 


Table 18: Twisted Euler characters at l = 5, X = A® 


[9] 

1 A 

2A 

2B 

2C 

3A 

6 A 

5A 

10A 

4AB 

4CD 

12AB 

n g \h g 

1|1 1 4 2 2 2 1 3|3 3 12 5|1 

5|4 

2|8 

4 1 

6 | 24 

y X A 

A Q 

6 

6 

2 

2 

0 

0 

1 

1 

0 

2 

0 

Ag 

6 

-6 

-2 

2 

0 

0 

1 

-1 

0 

0 

0 


Table 19: Twisted Euler characters at i = 6, X = A|l ?4 


[9] 

1A 

2A 

2B 

4A 

3A 

6 A 

8 AB 

n g \hg 

1|1 

112 

2|1 

2 2 

3 1 

3 2 

4 2 

y X A 

A q 

4 

4 

2 

0 

1 

1 

0 

X A 

Ag 

4 

-4 

0 

0 

1 

-1 

0 

yX D 

A 0 

1 

1 

1 

1 

1 

1 

1 

y X D 

A a 

1 

1 

-1 

1 

1 

1 

-1 

y X D 

a 9 

2 

2 

0 

2 

-1 

-1 

0 


Table 20: Twisted Euler characters at l = 6 + 3, X = 


[ 9 ] 


n g \h g 


\ x d 

A a 


1A 3A 2A 6A 3B 6C 4A 12A 5A 15AB 2B 2C 4B 6B 6C 

1|1 1|3 2|1 2|3 3|1 3|3 4|2 4|6 5|1 5|3 2|1 2|2 4|1 6|1 6|6 

6622300 01 140210 

6622300 01 1 -4 0 -2 -1 0 

12 -6 4 -2 000 02 -1 00000 
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Table 21: Twisted Euler characters at £ = 7, X = Ag 


[ 5 ] 

1A 

2A 

4A 

3AB 

6AB 

n 9 |/i 9 

1|1 

14 

2 8 

3 1 

3 4 

y- y ^ 

Afl 

4 

4 

0 

1 

1 

Ag 

4 

-4 

0 

1 

-1 


Table 22: Twisted Euler characters at £ = 8, X = AjD§ 


[9] 

1A 

2A 

2B 

2C 

4A 

n g \h g 

1|1 

1|2 

2|1 

2 1 

2 4 

■\>Xa 

A a 

2 

2 

0 

2 

0 

yX A 

Xg 

2 

-2 

0 

0 

0 

V X D 

A a 

2 

2 

2 

0 

0 

Ag 

2 

-2 

0 

0 

0 


Table 23: Twisted Euler characters at £ = 9, X = Ag 


[ 9 ] 

1A 

2A 

2B 

2C 

3A 

6 A 

n g\hg 

1|1 

14 

2 1 

2 2 

3 3 

3| 12 

y Xa 

A q 

3 

3 

1 

1 

0 

0 

Jxa 

Xg 

3 

-3 

1 

-1 

0 

0 


Table 24: Twisted Euler characters at l = 10, X = Agllg 


[9] 

1A 

2A 

4AB 

n g \h g 

1|1 

112 

2 2 

y X A 

X„ 

V X A 

Xg 

2 

2 

0 

2 

-2 

0 

■y^-D 

Xg 

Ag 

1 

1 

1 

1 

1 

-1 
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Table 25: Twisted Euler characters at t = 10 + 5, X = D\ 


l:9} 

1A 

2A 

3A 

2B 

4A 

n g \h g 

1|1 

2 2 

3|1 

2 1 

4|4 

^X D 

A n 

4 

0 

1 

2 

0 

■yX-D 

Ag 

4 

0 

1 

-2 

0 


Table 26: Twisted Euler characters at l = 12, X = AuDgE^ 


[g] 1A 2A 

Ug\hg 1|1 1|2 

9 y 

-y X A 

Ag 

l l 

l -l 

yX D 

yAf) 

Ag 

l l 

l -l 

yXE 

An 

yX-E 

Ag 

l l 

l -l 


Table 27: Twisted Euler characters at i = 12 + 4, X = E§ 


[g] 

1A 

2A 

2B 

4A 

3A 

6A 

8AB 

U g\hg 

1|1 

112 

2|1 

2 4 

3 1 

3 2 

4|8 

yXE 

A a 

4 

4 

2 

0 

1 

1 

0 

yX- E 

Ag 

4 

-4 

0 

0 

1 

-1 

0 


Table 28: Twisted Euler characters at i = 13, X = Af 2 


[g] 

1A 

2A 

4AB 

n g 1 hg 

111 

14 

2 8 

Y Xa 

An 

2 

2 

0 

y Xa 

Ag 

2 

-2 

0 
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Table 29: Twisted Euler characters at l = 14 + 7, X = L>| 


[ 9 ] 

1A 

2A 

3A 

n g \h g 

1|1 

2 |i 

3 3 

~y X D 

y^-D 

Ag 

3 

1 

0 

3 

1 

0 


Table 30: Twisted Euler characters at l = 16, X = A 15 D 9 


[9] 


n g\hg 


y X A 

Xa 

v a a 

Xg 


\ X j) 

Xn 

\ j) 

Xg 


1A 2A 

1|1 1|2 

1 1 
1 -1 

1 1 
1 -1 


Table 31: Twisted Euler characters at £ = 18, X = A 17 E 7 


[9] 

1A 

2A 

n g\hg 

1|1 

1 12 

y X A 

Xo 

y X A 

Xg 

1 

1 

1 

-1 

■y^E 

Ag 

1 

1 


Table 32: Twisted Euler characters at t = 18 + 9, X = D\qE^ 


[9] 

1A 

2A 

n g\hg 

1|1 

2|1 

yX D 

y*D 

Ag 

1 

1 

1 

-1 

yX]*} 

Ag 

2 

0 
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Table 33: Twisted Euler characters at i = 22 + 11, X = Df 2 


[ 9 ] 

1 A 

2A 

n g\hg 

i|l 

2 2 

Ao 

2 

0 

Ag 

2 

0 


Table 34: Twisted Euler characters at t = 25, X = Ao 4 


b] 

1A 

2A 

n g\hg 

i|l 

14 

y X A 

X T 

y X A 

9 

1 

1 

1 

-1 


Table 35: Twisted Euler characters at l = 30 + 6,10,15, X = Ef 


[9] 

1A 

2A 

3A 

n g \h g 

1|1 

2 1 

3 3 

Ag 

3 

1 

0 
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B The Umbral McKay-Thompson Series 

In this section we describe the umbral McKay-Thompson series in complete detail. In particular, 
we present explicit formulas for all the McKay-Thompson series attached to elements of the umbral 
groups by umbral moonshine in HB.3I Most of these expressions appeared first in mm, but some 
appear for the first time in this work. 

In order to facilitate explicit formulations we recall certain standard functions in HB.ll We 
then, using the twisted Euler characters of HA.31 explicitly describe the shadow functions of umbral 
moonshine in HB.21 The umbral McKay-Thompson series defined in HB.3l mav also be described in 
terms of Rademacher sums, according to the results of m- We present this description in HB.41 


B.l Special Functions 

Throughout this section we assume q := e 2mr , and u := e 2mz , where r, z € C with Im r > 0. The 
Dedekind eta function is r/(r) := q l / 2i Bn>o(l — Q n )) where . Write A m(t) for the function 


» / \ , r d / 

A„(t) Mq— (log^y 


M(M — 1) 


24 


+ M d [ qk - Mq 

k >0 d\k 


Mk 


which is a modular form of weight two for Tq(N) if M\N. 
Define the Jacobi theta function 9i(t,z) by setting 


0i(t,z) := iq 


•= i„i/8 u -V2 


— D rl i / rl « n ( n_1 )/ 2 


Y^{~l) n u n q 


(B.l) 


TIEZ 


According to the Jacobi triple product identity we have 


9i(t, z ) = -iq 1/8 u 1/2 JJ (i - u~ l q n ~ l ){\ - uq n ){ 1 - q n ). (B.2) 

n> 0 


The other Jacobi theta functions are 

02(r, z) := q l/ 8 u 1 ' 2 n (1 + V^Xl + m n ){ 1 - <f), 

n> 0 

d 3 (r, z) := I] (1 + u- 1 g- 1/2 )(l + uq n ~ l / 2 )(l - <f), 

n> 0 

Mr, z) = (! - u-V- 1/2 )(l - ^-V 2 )(l - <f). 

n> 0 


(B.3) 


Define Tpi and by setting 

^ 1,1 (D z) 
,-i/2 (D z) 


■ 01 (t, 2 z)r](r) 3 

1 01 (t,z) 2 

■ V(r) 3 
*01 (t,z)' 


(B.4) 


These are meromorphic Jacobi forms of weight one, with indexes 1 and —1/2, respectively. Here, 
the term meromorphic refers to the presence of simple poles in the functions z H > Ti ) *(r, z), for 
fixed r £ H, at lattice points z € Zr + Z. (Cf. §8 of [22].) 
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From §5 of [29] we recall the index m theta functions, for m € Z, defined by setting 

0 m , r (r, z) := u 2rnk+r q( 2mk+r)2 / 4m , (B.5) 

fee z 

where r € Z. Evidently, 0 m>r only depends on r mod 2m. We set S m%T {r) := ^ d z 9 m ^ r {T, z)\ z=0 , 
so that 

S m ,r{r) = ^{2mk + r )g(2mfe+r) 2 /4m_ (B.6) 

feez 


For a m a positive integer define 


»m,o(r,z) = ^2u 2km q 


fee z 


mfc 2 uq k + 1 = u + 1 
uq k — 1 u — 1 


+ O(q), 


and observe that we recover tE^i upon specializing (IB.71) to m = 1. Observe also that 

,, _i_ i /o\ \ ' „,2 km„mk 2 ^ ^ ^ \ 

hm,o{r,z + 1/2; = q | 1 = —— + O(q). 


fee z 


uq k + 1 u + 1 


Define the even and odd parts of /j , m< o by setting 

Mrn,o( r > z ) : = ^(/yo(h *) + (-l)Vm,o(r, 2 + 1/2)) 

for k mod 2. 

For m, r € Z + ^ with m > 0 define half-integral index theta functions 
0m,r{T, z) := e(mfc + r/2)u 2rafe+ V 2mfe+r)2/4m , 

fee z 

and define also S mtr (r) := i^d z 0 m , r (T, z) | 2=0 , so that 

S m ,r{j) = e(mk + r/2)(2mk + r )q( 2mk + r ) 2 / 4m . 
fee z 


(B.7) 


(B.8) 


(B.9) 


(B.10) 


(B.ll) 


As in the integral index case, 0 m;r . depends only on r mod 2m. We recover —0\ upon specializing 
6 m ^ r to m = r = 1/2. 

For m € Z + 1/2, m > 0, define 


Mm,o(h 2) := i ^(-i)"^-. 1 ~ q 

fee z 


I /q 

fc„,2mfc+l/2 „mfc 2 +fc/2 1 _ ^ 

1 — y — 1 


+ o(?). 


(B.12) 


Given a € Q write [a] for the operator on g-series (in rational, possibility negative powers of g) 
that eliminates exponents not contained in Z + a, so that if / = Vg g o c (P)q 8 then 


[«]/ : = ^c(n + a)<? 

nEZ 


,n+Q! 


(B.13) 
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B.2 Shadows 

Let X be a Niemeier root system and let m = m x be the Coxeter number of X. For g £ G x we 
define the associated shadow function S x = (S x r ) by setting 

S x := S Xa + S x ° + S Xe (B.14) 

where the S Xa , &c., are defined in the following way, in terms of the twisted Euler characters X^ A i 
&c. given in HA.31 and the unary theta series 5 m , r (cf. (IB. 61) 1. 

Note that if m = m x then S x r = S x r+2m = —S x _ r for all g £ G x , so we need specify the S Xa , 
&c., only for 0 < r < m. 

If Xa = 0 then S Xa := 0. Otherwise, we define S Xa for 0 < r < m by setting 


IiX D 


q-^A 


X^ A Sm,r 

Xg A S m ,r 


if r = 0 mod 2, 
if r = 1 mod 2. 


then S x ° := 0. If Xu 0 then m is even and m > 6. If m = 6 then set 


(B.15) 


qX D 
u 9, r * 


0 if r = 0 mod 2, 

Xg D Sfi.r + xf D S(i,6-r if r* = 1,5 mod 6, 
Xq D S(i,r 


if r = 3 mod 6. 


If m > 6 and m = 2 mod 4 then set 


(B.16) 


s x D , = f 0 if r = 0 mod 2, 

9,T \xf D S m , r + xf D Sm,m-r if 7 ~ = 1 mod 2. 


If m > 6 and m = 0 mod 4 then set 


nX D , = I Xg D S m ,m-r if 7~ = 0 mod 2, 
9,r \x'g D S m ,r if r = 1 mod 2. 


(B.17) 


(B.18) 


If Xe = 0 then S Xe := 0. Otherwise, m is 12 or 18 or 30. In case m = 12 define S x f for 


0 < r < 12 by setting 


qX E 

O f-1 rp 


g,r 


Xg E {Si 2 ,i + s 12 j) if r £ {1, 7}, 
Xg B (Si2,5 + S 12 , n) if r £{5,11}, 
xf E (S' 12,4 + 512,8) if r £ {4,8}, 


(B.19) 


else. 


In case m = 18 define S x f for 0 < r < 18 by setting 


qX E = 

O pi rp 


g,r 


X.f E (Sls,r + Sl 8 , 18 -r) 

X^ E 5is,9 

^^(518,3 + 518,9 + 518,15) if r = 9, 
0 else. 


if r £ {1,5,7,11,13,17}, 
if r £ {3,15}, 


(B.20) 
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In case m = 30 define S X J? for 0 < r < 30 by setting 


cX E 

u g,r 


xf E (Sso,l + -530,11 + <530,19 + <530,29) 
< xf E (<530,7 + <530,13 + <530,17 + <530,23) 
0 


if r € {1,11,19,29}, 
if r G {7,13,17,23}, 
else. 


(B.21) 


B.3 Explicit Prescriptions 

Here we give explicit expressions for all the umbral McKay-Thompson series H x . Most of these 
appeared first in [T51IT6] . The expressions in S ^B.3.31 lB.3.41 [B.3.71 IB.3.14l are taken from |26]. The 
expressions in § ilB.3.111 IB.3.151 IB. 3. 191 IB.3.231 are taken from [14] . The expressions for H x with 

X = Eg appeared first in [25]. The expression for hi flB.3.61 and the expressions for H^t^ 

and h 1 AB.3.131 appear here for the first time. 

The labels for conjugacy classes in G x are as in 1IA.21 


B.3.1 1 = 2 ,X = A 24 

We have G 1 ' 2 ' 1 = G x — M 2A and m x = 2. So for g G M 24 , the associated umbral McKay-Thompson 

/o') (O') 

series Hg = ( Hg/) is a 4-vector-valued function, with components indexed by r G Z/4Z, satisfying 

( 2 ) ( 2 ) . ( 2 ) ( 2 ) 
Hg/ = —H g _ r , and in particular, Hg/ = 0 for r = 0 mod 2. So it suffices to specify the H g ( 

explicitly. 

( 2 ) ( 2 ) 

Define Hg = (Hg/) for g = e by requiring that 

- 2 ^ 1,1 (r,z)^f } (r,z) = -24g 2 ,o(T, z) + ^ ^(^2^,4 (B.22) 

r mod 4 


where 


Ti\ T t z ) :=4 


( (r, z) 2 0 3 (t,z) 2 fl 4 (t, z) 2 \ 
V0 2 (t,o) 2 o 3 (t,o) 2 0 a (t, o) 2 y 


More generally, for g G G l 2 ) define 



-( 2 ) 

Xg 

24 


H?1(t)-FW(t) 


< 52,1 ( t ) : 


(B.23) 


(B.24) 


where xp and Fg 2 ' 1 are as specified in Table l36l Note that Xg 2> = xf A , the latter appearing in 
Table fl5l Also, <52 ,i(t) = i?(r) 3 . 

The functions f 23ya and f 23 ^ in Table [36] are cusp forms of weight two for To (23), defined by 


/23, a(r) ■= + 3r ? (r) 2 7/(23r) 2 + 4? ? (r)7/(2r)r ? (23r)r7(46r) + 4r ? (2r) 2 r ? (46r) 2 , 

/ 23 , 6 (r) := 7/(r) 2 7?(23r) 2 . 


Note that the definition of F, 


( 2 ) 


appearing here for g G 23A U 23 B corrects errors in mm- 


(B.25) 
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Table 36: Character Values and Weight Two Forms for £ = 2, X = A 24 
[ff] Xg 2) Fg 2 \r) 


1 A 

24 

0 

2 A 

8 

16A 2 (r) 

2 B 

0 

2r](T) 8 g(2r)~ 4 

3A 

6 

6A 3 (t) 

3 B 

0 

2r/(r) 6 g(3r)~ 2 

4 A 

0 

2r)(2r) 8 t](4t)~ 4 

4 B 

4 

4(-A 2 (r) + A 4 (r)) 

4 C 

0 

2g(T) 4 g(2r) 2 g(4T )~ 2 

5 A 

4 

2A 5 (r) 

6 A 

2 

2(-A 2 (r) - A 3 (t) + A 6 (r)) 

6 B 

0 

2r/(T) 2 g(2r) 2 g(3r) 2 ?](6T)~ 2 

7 AB 

3 

A 7 (t) 

8 A 

2 

—A 4 (t) -(- A 8 (r) 

10A 

0 

2g(r) 3 g(2r)g(5T)g(10T)~ 1 

11 A 

2 

2(An(r) - ll?](r) 2 r?(llr) 2 )/5 

12 A 

0 

2r/(r) 3 r7(4r) 2 r7(6r) 3 r7(2r) _1 r7(3r) _1 ?7(12r) _2 

12 B 

0 

2g(r) 4 g(4r)g(6T)r/(2r)^ 1 g(12r)~ 1 

14 AB 

1 

(-A 2 (t) - A 7 (r) + Ai 4 (r) - 14?7(r)?7(2r)r7(7r)r?(14r))/3 

13AB 

1 

(—A 3 (r) - A 5 (r) + Ai 5 (t) - 15r?(r)?7(3r)r7(5r)r?(15r))/4 

21AB 

0 

(7?7(r) 3 7y(7r) 3 77(3r)^ 1 ?7(21r) _1 — g(r) 6 g(3r)~ 2 )/3 

23 AB 

1 

(A23 (t) - 23f 23 , a (r) - 69/ 23i6 (r))/ll 


B.3.2 1 = 3, X = Af 

We have G ^ = G x — 2.Mi 2 and m x = 3. So for g € 2.Mi 2 , the associated urnbral McKay- 
(3) 

Thompson series Hg ' = (HgJ) is a 6-vector-valued function, with components indexed by r € 
Z/6Z, satisfying Hg 3 } = —Hg 3 - r , and in particular, Hg 3 } = 0 for r = 0 mod 3. So it suffices to 
specify the h} 3 } and H} 3 } explicitly. 

Define Hg '' 1 = (Hg 3 }) for g = e by requiring that 

-2^ 1:1 (T,z)ip {3) (T,z) = -12g 3fi (r,z) + ^2 H } 3 }( T W 3 ,r(T,z), (B.26) 

r mod 6 


where 


/ 0 3 (t, z) 2 6> 4 (t, z) 2 9 4 (t,z) 2 0 2 (t, z) 2 9 2 (t, z) 2 9 3 (t,z) 2 \ 

\9 3 (t, 0) 2 9 4 (t , 0) 2 0 4 (t, 0) 2 9 2 (t, 0) 2 9 2 (t, 0) 2 0 3 (t , 0) 2 J ' 


:= 2 


(B.27) 
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More generally, for g 6 G ® define 


HfH) := ^Hf}( r) + i (ff > + 

H$(t) := + i 


1 


7 5 3 ,i(r) : 

1 


S 3,2( T ) 


(B.28) 

(B.29) 


where Xg 3 ^ and Fg^ are as specified in Table 1371 and z is the non-trivial central element of G^. 
The action of g H > zg on conjugacy classes can be read off Table 1371 for the horizontal lines indicate 
the sets [g] U [zg]. 

Note the eta product identities, 5 3j i(t) = r/(2r) 5 /?7(4 t) 2 , and 53,2(1") = 2r/(r) 2 r?(4r) 2 /r/(2r). 
Note also that Xg * = X.f A and 'XzP = X^ A i the latter appearing in Table flfil 


Table 37: Character Values and Weight Two Forms for I = 3, X = Ai, 2 


[ 5 ] 

_( 3 ) 

xV 

(3) 

Xg 

a 3 (3) (t) 


1A 

12 

12 

0 


2A 

12 

-12 

0 


4A 

0 

0 

—2??(t) 4 77(2t) 2 /?7(4t) 2 


2B 

4 

4 

—16A 2 (t) 


2C 

4 

-4 

16A 2 (t) - ^A 4 (t) 


3A 

3 

3 

—6A 3 (t) 


6A 

3 

-3 

—9A 2 (t) - 2A 3 (t) + 3A 4 (t) + 3A 6 (t) 

1 - A 42 (r) 

3B 

0 

0 

8A 3 (t) — 2A 9 (t) + 2?/ 6 (t)/t? 2 (3t) 


6B 

0 

0 

—277(r) 5 r7(3r)/r7(2r)77(6r) 


4B 

0 

0 

—2 g(2r) 8 /r](4T) 4 


4C 

4 

0 

—8A 4 (t)/3 


5A 

2 

2 

-2A 5 (t) 


10A 

2 

-2 

Ed|20 ci 0j 4 (d)A rf (r) + f r ? (2r) 2 r ? (10r) 

2 

12A 

0 

0 

— 2rj(T)r](2T) 5 t](3t)/^(At) 2 i](6t) 


6C 

1 

1 

2(A 2 (t) + A 3 (t) - A 6 (t)) 


6D 

1 

-1 

—5A 2 (t) - 2A 3 (t) + |A 4 (t) + 3Ag(r’ 

) - A 42 (t) 

8AB 

0 

0 

—2r?(2r) 4 r7(4r) 2 /?7(8r) 2 


8CD 

2 

0 

-2A 2 (r) + f A 4 (t) - A 8 (t) 


20AB 

0 

0 

—2?7(2t) 7 t7(5t)/?7(t)?7(4t) 2 77(10t) 


11AB 

1 

1 

— §An(r) - fr ? (r) 2 r ? (llr) 2 


22AB 

1 

-1 

Ed\uC g (d)A d (r) - ^ Ed|4 c g( d ) r ?( dr 

) 2 r?(lldr) 2 + ^/ 4 4 (r) 


The function / 44 is the unique new cusp form of weight 2 for To(44), normalized so that fair) 
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q + 0(q 3 ) as 9(r) —> oo. The coefficients c g {d) and c' g (d) for g € 10 A U 22 A U 22 B are given by 

ckm(2) = —5, cioa(4) = — 010 , 4 ( 5 ) = — cioa(10) = 1, cioa(20) = — (B.30) 

C22Ab(2) = — —, C22AB(4) = —, C22A_b(H) = ~C22AS(22) = C22Ab(44) = — —, (B.31) 

c 22Ab( 1) = 1' c 22 ab(2) = 4, C22ab(4) = 8. (B.32) 

B.3.3 I = 4, X = Al 

We have m x = 4, so the umbral McKay-Thompson series H g ^ = ( H g 4 J) associated to g £ is 
an 8-vector-valued function, with components indexed by r € Z/8Z. 

Define H g 1] = (H g A )) for g € g ^ 4C, by requiring that 

4 4) ( t > 2 ) = -xi 4) z )^ H^(r)e^r{r,z), (B.33) 

r mod 8 

where := Xg A and Xg^ := Xg A (of- Table flTl) . and the ip g 4 ^ are meromorphic Jacobi forms of 
weight 1 and index 4 given explicitly in Table 1381 

Table 38: Character Values and Meromorphic Jacobi Forms for I = 4, X = A| 


[g\ 

(4) 

Xg 

-D) 

Xg 

4 4) (d^) 

1 A 

8 

8 

2*0i(t, 2z) 3 #i(t, z) _4 ry(r) 3 

2A 

-8 

8 

2*0!(r, 2 z) 3 0 2 (t, z) 4 r/(r) 3 

2B 

0 

0 

-2*0i(t, 2z) 3 0 1 (r, z)~ 2 0 2 (t, z)~ 2 g{rf 

4A 

0 

0 

-2i9i(r, 2z)9 2 (t, 2z) 2 0 2 (2t, 2z)~ 2 *7(2t) 2 ?7(t) 1 

4B 

0 

0 

—2*0i(2r, 2z)9^{2t, 2z) 2 9,i(2t, 2z)*/(2t) 2 7/(t)~ 2 ?7(4t)^ 2 

2C 

0 

4 

2*0! (r, 2z)0 2 (t, 2z) 2 0i(t, z)~ 2 0 2 (t, z)~ 2 g(r ) 3 

3A 

2 

2 

2*0i(3 t, 6^)0i( r, z) _1 0i(3r, 3z)” 1 ?/(r) 3 

6 A 

-2 

2 

—2*0i (3r, 6z)0 2 (t, z) 1 0 2 (3t, 3z) 1 t/(t) 3 

6 BC 

0 

0 

of- (IB.J4P 

8 A 

0 

0 

—2*0i(r, 2z)02(2r, 4z)02(4r, 4 z) 1 ?7(t)?7(4t)*7(2t) 1 

4C 

0 

2 

2*0i(r, 2z)9 2 {2t , 4z)0i(2t, 22)^ 2 r/(2r) 7 r/(r)“ 3 r/(4r)" 2 

7AB 

1 

1 

cf. (IB.34(1 

14AB 

-1 

1 

cf. (|B.34P 
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4bC := (#i(D2+|)0i(t,Z + ±)-0i(t,Z-±)0i(t,Z-±)) 




^ (4) - 
V7 AB ■ — 


J.A) 
ri4 AB 


(r, 2z + R)9 1 (t,z- 3 t ) + JJ6>i(t,2z- 3 t )Qi{t, z + 3 — 


3 3 

•2 x 


0i(r, 2 z + 3 —)9 2 (t,z- V) + II 01 ( r ’ 2z ~ V) 0 2 (t ,2 + 3 T ) 
\3= x 3 =1 


—*0i(3t, Qz) 

9\ (3r, 3 z)0 2 (3t, 3z) 

—* v(7t) 

9i(7t, 7 z) t](t) a 

i v(7t) 


For use later on, note that 4 *a = —2^ r i i i^ 4 \ where 


: = 


0i(t, 2 zf 
6»i(r, z) 2 


6» 2 (7r, 7z) ??(t) 4 

(B.34) 


(B.35) 


B.3.4 ^ = 5, X = A\ 

We have = 5, so the urnbral McKay-Thompson series Hp^ = {Hp ) associated to g G is 
a 10-vector-valued function, with components indexed by r € Z/10Z. 

Define Hp = (Hp) for g € G®, 5 ^ 5A U 10A, by requiring that 

Pg 5) (.T, z ) =-x ( PT 5,o( r > 2 )-4 5 Ho( r > z )+ H P( T ) 9 5,r(r,z), (B.36) 

r mod 10 

where xP '■= Xp A and xP := (cf. Table fl 8 l). and the 4^ are meromorphic Jacobi forms of 
weight 1 and index 5 given explicitly in Table l39l 

Table 39: Character Values and Meromorphic Jacobi Forms for £ = 5, X = A® 


[ 9 ] 

(5) 

Xg 

_(5) 

Xg 

4 5) (d z ) 

1A 

6 

6 

2i9\ (r, 2 z)0i(t, 3z)0i(t, z)^ 3 ?/(r) 3 

2A 

-6 

6 

-2*0i(r, 2 z)0 2 (t, 3z)0 2 (t, z)~ 3 r](r) 3 

2B 

-2 

2 

-2*0!(r, 2 z)0 1 (t, 3z)0i(t, z) _1 0 2 (t, z)" 2 r?(r) 3 

2C 

2 

2 

2*0i(r, 2 z)0 2 (t, 3z)0i(t, z) 2 0 2 (t, z)” 1 */^) 3 

3A 

0 

0 

—2*0i(r, 2z)0i(r, 3 z)0i(3t, 3z)~ 1 t](3t) 

6A 

0 

0 

— 2*0i(r, 2 z) 0 2 (r, 3 z)0 2 (3t, 3z)~ 1 r](3r) 

4AB 

0 

0 

cf. (|B.37|) 

4CD 

0 

2 

cf. (IB.37D 

12AB 

0 

0 

cf. (|B.37|) 
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./.(S) (t z) . = (t 2~) 6i ( t ' z + * )gl(r ’ 3g + i) - d ^ T ' z - \) e ^ T ^ z - 1) v( 2t ) 2 

%ab( t ^) ■ iV2{t,2z) 9 2 (2t,2z ) 2 r?(r) 

0i(t,z + 3)6>i(r,32 - j) + 0i(t, z — ^)0i( t, 3z + ±) r?(2r) 2 


V’IcdCf 2 ) : = -i02(r,2z) 


0i(2 t,2z)0 2 (2t,2z) 


T](t) 


4’[ 2 ab( t ’ z ) := i Pr^-RZ7 (0i(t,z+ j^)Oi(t,z + ±)(9i(t, 2: + ^)6»i(r,3z - ±) 


(B.37) 


0 2 ( 6 r, 62 ) 


- 6\{t,z — i)0i(r,z- |)0 i(t,z- ^)6>i(r, 3z + |)) 


For 5 € 57l use the formulas of HB.3.201 to define 

»S,rW : = h£ 5) >/5) - «lS„_.(r/5) + ^!S„ +r (T/5) - «g> so _r(’-/5) + ^Ko+rW 5 )- 


(B.38) 


For g € 1(L4 set H^ r (r) := -(-l)^g r (r). 

(5) (5) 

For use later on we note that = —2'J / i ) i ip\ , where 


Ti\t,z) : = 


01 (t, 3z) 
01(t, z) ' 


(B.39) 


B.3.5 £ = 6, X = AfD 4 

We have m A = 6, so the urnbral McKay-Thompson series Mg’- 1 = ( Hg 6 }) associated to g G G^ is 
a 12-vector-valued function with components indexed by r € Z/12Z. We have Hg 6 } = —Hg 6 }_ r , so 
it suffices to specify the Hg 6 } for r € {1, 2,3,4, 5}. 

To define H= (Hg 6 }) for g = e, first define h(r) = ( h r (r )) by requiring that 

-2'Fi i i(r,z)<^f ) (r, z) = -24/i 6j0 (t, z) + ^ h r (T)9 6 , r (T,z), (B.40) 

r mod 12 


where 

<Pi\t,z) ■= (t, z)(p} >] (t, z) - ^ 3) (t,2)<p5 4) (t,«). (B.41) 

(Cf. (IB. 231) . (IB. 271) . (IB.35I) . (jB.391) 4 Now define the H[ 6 J r by setting 

H ia,i(.t) '■= ^ 5/11 ^ + ’ 

tff5,2( r ) : = \h 2 (r), 

H i%a( T ) -=\h 3 (T), 
h iaa( t ) '■= ^Mt), 

^(5,5(7-) : = ^ (M r ) + 5 h 5 (r)) . 


(B.42) 
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Define H^J r 


by requiring 


II. 


(6) 

2 A,r 


(r) := -(-ir-ff&VW- 


(B.43) 


For the remaining g , recall (IB. 131) . The Hg G } for g ^ 1A U 2A are defined as follows for r = 2 
and r = 4, noting that H^\ = H^_ 2 = —H^. 

flit,M := hg]ffS, r (T/2) 

flltW := [-S]fll| r W2) 

flS,» : = [-5j]fl«c,,( T / 2 ) < B - 44 ) 

fll5,rW > = [-53]flS,,( T / 2 ) 

fli AB,r( T ) — [ ^4 ] fls CD,r( T / 2 ) 

For the h[ G \ we define 
y->° 

nflz{T),Hfl s (T) ■.= -[-i]flg,W3), 

flSsW.flSsW^". ( B - 45 ) 

^SAbA T ) ~ _ [“f3]fll2Al( T / 2 )- 

Noting that = H^\ and = —H^l, the 77® and are defined for o(g) / 0 mod 3 
by setting 

flffi.rM : = Nil} (fl$,W3) + flfT< T / 2 )) 

ffS,rW := [-i]i (flfh(T/3) + fffT(r/2)) (B.46) 

fls AB,r( T ) — 1 — 14^2 (fll24,’-^ r / 3 ) + fl(CD,r( T / 2 )) 

It remains to specify the Hg G } when g € 3^4 U 6 A and r is 1 or 5. These cases are determined by 
using the formulas of HB.3.171 to set 


H. 


SiM.flX.M : = flh'.PO - ff£i,(3r) + fflXiaPU 


r(6) 


- w(18) 


(18) 


r(18) 


H. 


3s4,5( r )’-^6s4,5( r ) HlA,5(3 T ) ^lAJ^ T ) Jr ^lA > ,n^ ,T )- 


r(6) 


r(18) 


(18), 


r(18) 


(B.47) 


B.3.6 I = 6 + 3, X = D% 

We have m x = 6, so the umbral McKay-Thompson series Hg G+3 ^ = (Hg G ^) associated to g € 
G( 6+3 ) is a 12-vector-valued function with components indexed by r € Z/12Z. In addition to the 
identity Hg 6 r +3 ' 1 = —H^f\ we have H^^ = 0 for r = 0 mod 2. Thus it suffices to specify the 
i4 6 + 3) for rG {1,3,5}. 
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Recall (IB.131) . For 


= 1, define 

rj-(6+3)/ \ rr(6+3)/ \_ _i_ rf(®) 

\ t )’^ 3A,1 H) — H lA,l(. T ) + H lA,d T )> 

rr(6+3) / \ rr(6+3)/ \_ ttt(6) _i_ tf(®) 

-"2A,1 V r h-"6A,1 HI ■— - H 2B,lV r ) + H 2B, 

H^+f> (n-\ ■- M 6 ) (r\ 4- M { 


Then define by setting 


For r = 3 set 


... . . ^(t), 

*4stl 3) ( T ) := ^3A,l( r ) + H fis( T )i 

H^\r) :=-2^, 

3C)1 V ' »7(3r)’ 

^St’w.^Sfi’w := + Cw 

■"2C,1 (' ) •— ^4A,1 v) ^4A,5v)> 

^ 8AB,l ( r ) — 

. , »SiM - s&M. 
/rgfM := -2" (2t) " ( ' 3t) . 

6C, 1 r/(6r) 


tt(6+3) / \ 
-"4B,1 1 T ) 

rr(6+3) / \ 

-"6B,1 ( T ) 


r/(6r) 

<tf M := 2HS 3) (r) + 2^ 

/fp«’(r) := 2/f£> 3 (r), 

:= -< j3 W. 

<«’(r) := 2<> 3 (r), 

<?M := -<, 3 (t), 

ff« 6 «’(r) := 2<>„(r), 

tr(6+3)/ \ rr(6) 

H 12A,3\ T ) ■— AB,3\ t )i 

H^\t) :=-2[-±]H® R1 (r), 


(B.48) 


(B.49) 


(B.50) 


and 


rr(6+3) / \ rr(6+3)/ \ rr(6+3) / \ tt( 6+3) / \ rr(6+3)/ \ tt( 6+3) / \ rr(6+3) / \ ._p> 

-"3B,3 \ t )i^3C,3 \ t )i H 2B,3 \ t )^2C,3 \ t )i^AB,3 \ t S^6B,3 \ t )^6C ,3 ( r ) 


(B.51) 


For r = 5 define i^ 6 5 +3) (r) := H'^' v (r) for [g] € {IT, 3T, 2A, 6T, 35, 3(7,4T, 12T, 5T, 15AB}, 
and set := for the remaining cases, \g] € {2F>, 2C, 45,6R, 6C}. 


r(6+3) 
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B.3.7 t = 7 ,X = Al 

We have m x = 7, so the umbral McKay-Thompson series Hp = ( Hg J}) associated to g € G^ = 
G x ~ SL 2 (S) is a 14-vector-valued function, with components indexed by r € Z/14Z. 

Define Hp' 1 = ( Hp ) for g € by requiring that 


Pg\T,z) = ~XPP,0 (T,z) ~ XpPfi (T,Z) + 


E 


H g 7 M T )°7 ,r(t4 


(B.52) 


r mod 14 

where := Xg A and xP := Xp A (cf. Table I2T1) , and the pp are meromorphic Jacobi forms of 
weight 1 and index 7 given explicitly in Table HOl 


Table 40: Character Values and Meromorphic Jacobi Forms for £ = 7, X = A§ 


[a] 

(7) 

-(7) 

Xg 

PP (t, z ) 

1A 

4 

4 

2 i0i(r, Az)0\(t, z)- 2 g(r) 3 

2A 

-4 

4 

—2i0i(r, 4 :z)0 2 (t , z)~ 2 t](t) 3 

4A 

0 

0 

—2*0i(r, 4 z)02(2t, 2z) 1 ?7(2r)7/(r) 

3A 

1 

1 

cf. (|B.53D 

6A 

-1 

1 

cf. (|B.53P 


(B.53) 


(B.54) 


(7)^ ^ + \)0i{t,z- \) + 0i(t,Az - \)0i(t,z + |) 


Pa(.T z ) '■= “* 

PJa(tz) ■= -i 


9\ (3r, 3 z) 

(7)^ AO,4z + ^)0i(t, 2 — l) - 6i(t, Az - \)6 1 {t,z + |) 


02 (3r, 3z) 

For use later on we note that , where 

01 (r, 4z) 


7(3t) 

7/(37-) 


: = 


(r, 2z) 


B.3.8 £ = 8, X = A 2 7 Dl 

We have rri x = 8, so the umbral McKay-Thompson series hP = (Hp }) associated to g £ G ® is 

/'QJ /Q\ 

a 16-vector-valued function with components indexed by r € Z/16Z. We have iJ,)./ = —Hg _ r , so 
it suffices to specify the Hg 8 } for r € {1, 2,3,4, 5, 6, 7}. 

To define Hg 8> = (Hg 8 }) for g = e, first define h(r) = ( h r (r )) by requiring that 

-2^i,i(r, z) (P 8 \t,z) + ^</4 8) (r, = -24/i 8;0 (r,z) + ^ M r ) 6 W r , z), (B.55) 

x ' r mod 16 


where 

:= 4 3 ) (h^| 6 ) (hz) - hpp(T,z)pp(r,z), 
PP(r,z) ■■= PP(t,z)PP(t,z) -PP(t,z). 


(B.56) 
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(Cf. (1B.27P . ()B.35p . (IB.39p . ()B.41D .f Now define the H^ 3 } r by setting 

h [aA t ) ■= ^r(r), 


for r £ {1, 3,4, 5, 7}, and 


#S, 2 ( r )> h[% 6 {t) := (h 2 (r) + /i 6 (r)). 


(Q\ 

Define H^I for 1 < r < 7 by requiring 


«S.rW := -(-1Y 


(8) 


(B.57) 


(B.58) 


(B.59) 


/ o \ 

For the remaining g, recall (IB.131) . The Hg/ for g £ 2 B U 2 C U 4 A are defined as follows for 
r £ {1,3, 5, 7}, noting that H'^1 = H^_\ = —H^}, <fec. 


< c , r M ■■= 


»4A,r(r) := [-aaavw 2 ) 


(4) 


(B.60) 


The H^cr an< ^ Ar vanish for r = 0 mod 2. 


B.3.9 £ = 9, X = A§ 


We have m x = 9, so for g £ the associated umbral McKay-Thompson series Hg 9 ' 1 = ( Hg 9 }) is a 
18-vector-valued function, with components indexed by r £ Z/18Z, satisfying Hg 9 } = —H^ 9 }_ r , and 
in particular, Hg 9 } = 0 for r = 0 mod 9. So it suffices to specify the Hg 9 } for r £ {1, 2, 3,4, 5,6, 7, 8}. 
Define h}}^ = ( H} 9 }) for g = e by requiring that 


-^i,i(T,z)(pf\r,z) =-3fJ,g jQ (T,z) + ^2 H} 9 }(T)9 9}r (T,z), 

r mod 18 

where 

<P?(t,z) := (p^ (r, z)ip^ \t,z) - cpf\r,z) 2 . 

(Cf. M , EMP, EH- 

r(9) 

l 2 B,r 

r(9) — f r 2 irr(3) 


(B.61) 


(B.62) 


Recall (IB. 131) . The are defined for r € {1, 2,4, 5, 7,8} by setting 


to set 


_ _ rr(3) 

* 3,4 — ±J - g,—2 ~ n g,2 

AbA T > ■= Hl'ZW - H WS -rVA 


(B.63) 


where we note that H (3 } = h} 3 }_ 2 = ~h} 3 }, &c. We determine and e hy using 13B.3.17I 


(B.64) 


for r £ {3, 6}. 
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The H^J r are defined by the explicit formulas 



-= [-b]/i 19) ( t / 3 )> 

< } ,2(d 

~ [-»]/f (r/3), 

H 3A, 3 ( T ) 

:= 

H 3aA t ) 

:= -[-Il/f (r/3) 

HfUr) 

~ -I-il/fT/S) 

H?Ur) 

:= 03,0 (t, 0), 

^3Aj( T ) 


H 3aA T ) 

~ hSl/f (r/3), 


where 

,(9)/ x , = ??(t)7 ? (12t)?7(18t) 2 

1 ?7(6t)?7(9t)?7(36t) 

(9 ) = r ? (2r) 6 r/(12r)r/(18r) 2 _ ?7(r)r?(2r)? ? (3r) 2 

2 77(r)77(4r) 4 r/(6r)77(9r)r7(36r) 77(4r) 2 ?y(9r) 

Finally, the Hg 9 } are determined for g € 2A U 2 C U 6A by setting 

0 > (-ir +, /fS r (r), 

:= (-1 ) r+ 'H?l r (.r). 

:= (-1 ) r+ 'nfl(r)- 


(B.65) 


(B.66) 


(B.67) 


B.3.10 ^ = 10, X = A%D 6 

We have = 10, so the umbral McKay-Thompson series Hg 19 ^ = (Hg] 9 ^) associated to g G G^ 10 ^ 
is a 20-vector-valued function with components indexed by r € Z/20Z. We have Hg]fi = —H^ r , 
so it suffices to specify the H l g 9> for 1 < r < 9. 

To define Hg 19 ' 1 = (Hg] 9 ' 1 ) for g = e, first define h(r) = (h r (r)) by requiring that 

—6^i,i(r, z)(p^°\r, z) = —24^0 (t,z) + ^ Mt)6>i 0) 7-(t, z), (B.68) 

r mod 20 


where 
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(Cf. (IB. 351) . ()B.39p . (IB. 411) . (|B.54[> .) Now define the H^ r for r odd by setting 


<“+) 

■= ^ (3/ii(r) + hg(r)) 

<“+> 

■= ^(3/i 3 (r) + h 7 (r)) 

u-UO) / \ 
^1A,5\ T ) 

■= \h 5 {r), 

z+10) 

^1A,3\ T ) 

■= Y\ ( h 3( T ) + 3h 7 (t)) 

z+10) 

: = ^ (/ii(r) + 3/i 9 (r)) 


(B.70) 


For r = 0 mod 2 set 


h iaA t ^ : = 


(B.71) 


and define H. 


( 10 ) 
2 A,r 


for 1 < r < 9 by requiring 


:= -(-1 ) r H\Z(r). 


(io), 


(B.72) 


It remains to specify Hg]^ for g E 471 U 4 B. For r = 0 mod 2 set 

C,M := 0- 


(B.73) 


For r odd, recall (IB. 131) . and define 


H 


( 10 ) 
4 A,r 


M := (+oJ..+/5) + ff<g D-r (r 


(B.74) 


B.3.11 £=10 + 5, X = Dl 

We have = 10, so the umbral McKay-Thompson series i7^ 10+ ' , ' 1 = (ilg.'r +5 ' 1 ) associated to 
g € G (10+5) is a 20-vector-valued function with components indexed by r € Z/20Z. We have 
77g.r +5 ' ) = 0 for r = 0 mod 2, so it suffices to specify the for r odd. Observing that 

Hg]r + ^ = —Hg 10 ^ 5 ' 1 we may determine Hg U)+r>> by requiring that 

^ 5/2) (r,z) = -2 X f /2) ifJ-5/2,0 (t,z) + e (~ r / 2 ) H g 1 ,2^ 5 \ T ) d 5/2,r( T ’ Z ), ( B -75) 

re Z+l/2 
r mod 5 

where := Xg D as hi Table l25l and the ipg 2 ^ are the meromorphic Jacobi forms of weight 1 

and index 5/2 defined as follows. 
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Table 41: Character Values and Meromorphic Jacobi Forms for t = 10 + 5, X = Z)| 
[g\ X { g ,2) ^ 5/2 ) (t,z) 


1A 

2A 

3A 

2B 

4A 


4 2*0i( t, 2z) 2 0i(t, 2 ) 3 t](t) 3 

0 -2i0i (r, 2z) 2 0i(t, z) _1 0 2 (t, z) _2 r/(r) 3 

1 2*0i(3r, 6 z)0i(t, 2z)~ 1 0i(3r, 3 z)~ l iq{T) 3 

2 2*0!(r, 2 z)0 2 (t, 2^)01 (r, z)~ 2 0 2 (t, z) _1 ? 7 (t) 3 

0 —2*0i (r, 2z)0 2 (t, 2z)0 2 (2t, 2 z) _1 *?(t)? 7(2 t) 


B.3.12 — 12, ^ — 24iiZ?7-£/6 

We have m A = 12, so the umbral McKay-Thompson series i7g 12 -* = (Hg]^) associated to g € 
G( 12 ) ~ Z/2Z is a 24-vector-valued function with components indexed by r € Z/24Z. We have 
//g'r = —Hg^ r , so it suffices to specify the Hg]fi for 1 < r < 11. 

To define H^~ ] = (H^r' > ), first define h{r) = {h r [r)) by requiring that 


-2T 


1,1 (j, z) (vi 2 \t,z) + T> 2 2 \ t ^ z )) = ~ 24 /V 2 , o(t,z) + ^ h r (t)0i 2:? - (t, z) , (B.76) 


where 


<^ 12) (T, 2 ) := (r, z)^ lu; ( r , - 8^ J ( r > ( r ; z ) + ( r > (T, z) 


_(3) / 


.(10) 


(4), 


.(9) / 


r mod 24 


„(5), 




t4 12) (t z) ■= ( r > ( r > ( r ’ z )vi' ( r > z ) - 7 , i iz ' 1 ( r > *)■ 


—/i^( 4 ) 1 


,0) 


(5), 




„( 12 ), 


(B.77) 


(Cf. ()B.27l) . (IB.351) . (1B.39() . (IB.54I) . (IB.561) . ()B.62l) . (IB.69]) .) Now define the H^ Ar for r / 0 mod 3 
by setting 



zr(12) / \ 

: = ^(3/ii(r) + /ir(r)), 

rr(12) / \ 

411 A,2\ T ) 

.<4 oM 

:= ^(/»2(r) + /iio(r)), 

j^( 12 ) c T 
-"n4,4v r 

).<lw 

: = Y^( / i4(r) + /i 8 (r)), 


rx(12)/ \ 
^1A,5\ T ) 

: = ^(3/i 5 (r) + /in(r)) 


lt(12) / \ 

^1A,7\ t ) 

: = ^ (M r ) + 3 /i 7 (t)) , 


rr(12) / \ 

: = ^ (^5(r) + 3/in(r)) 


(B.78) 


For r = 0 mod 3 set 


r(12) 


O) ~ -^hr(r), 


(B.79) 


and define H: 2A r by requiring 


*O t > := -(-lfffSW. 


(B.80) 
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B.3.13 ^=12 + 4, X = E% 

We have m x = 12, so the umbral McKay-Thompson series Hy 12+l * = (Hy] 2+4 ' > ) associated to 
g E G( 12+4 ) is a 24-vector-valued function with components indexed by r E Z/24Z. In addition to 
the identity H^ 2+[) = —Hg 42 ^ 4 \ we have Hy]r + l) = 0 for r E {2,3,6,9,10}, Hg 12+42> = H^ 12+4 \ 
Hy 12+41 = Hy 1 f +4 \ and H^ 2+42> = H^ 2 ^ 4 \ Thus it suffices to specify the Hy 12+l \ 2+4 ^ and 


H 


(12+4) 


9 ,5 


Recall (IB.131) . Also, set Sf 6 (r) := Si 2 ,i(r) + Si 2 j(t), and S^ 6 (t) := S^ir) + 5i 2 ,h(t). For 
r = 1 define 

rj-(i2+4) / \ it(12) i uR 2 ) 

-"1 A,1 l r ' ^lA,l( r ) 

H 2 B,1 ( r ) := [ — ill (^4 aB,i( t /2) - ^8AB,5( T /2)) j 


rr(12+4) , n __ 
-"4A,1 ( r ) ' — 


Sf 6 (r) 2 -Sf 6 (r) 2 V 


_ 2 hlh!5f.( T ) + 8h*lsf(r: 


(B.81) 


"glV) := hi! («•£’,i(r/2) - <, 5 (r/2)) , 

*££?« 5f . (T)2 } s E« (T)2 (-2F‘S)»(r)Sf»(r) + (r/2)S* <j)) 


In the expression for g E 8 AB, we write F^b'i f° r the unique modular form of weight 2 for To (32) 
such that 


F SABi (r) = 1 + 129 + 4g 2 - 24c/ 5 - 16 q e - 8 q 8 + 0(q 9 ), 


8AB,1 

and we write for the unique modular form of weight 2 for Fo(64) such that 

,3 i c „5 q„ 7 n „9 i io„H iq„ 13 r,/i„15 , /-w 17 


A 12 +4) 

8 

pi (12+4) 
8AS,5 

For r = 4 define 


F 8AB$ ( r ) = 3g + 4g d + 6 g & - 8 g 7 - 9g y + 12g 41 - 18g i4 - 24g i5 + 0{q u ). 


H-(12+4)/ i rr(12) , x rr(12) / x 

F 1A,4 y T >-~ F lA,4\ T > FF lA,8y T )^ 


: = ^£’, 2 (^/ 2 ) + ffi2, 4 (T/2), 


(B.82) 


(B.83) 


(B.84) 


and set //^ 4 2+4 ' 1 (r) := 0 for 3 6 2B U 44 U 8 AB. 
For r = 5 define 


: = + <uih>. 

f&T’W := [-*] (ffftiW2) - <blh/2)) 


( 12 ) 


r(12) 


H 


(12+4) 


4A,5 


(r) •= 1 ^ 2 T?(2r)i s E °(r) - g s e h t ) 

Sf 6 (r) 2 -Sf 6 (r) 2 V v{r) 4 5 r?(2r) 4 1 


(B.85) 


tfgr’M := [-f] (<, 5 +/ 2 ) - ffg+r/2)) , 

«££?« := 5 a (T)2 ) s e. ( t)2 (2F<) 2 B T(x)Sf(r) - 12F^+(>(r/2)Sf«(r)) 
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Finally, define 


for g £ 2A U 6 A by setting 

tfStV) := -(-irff&TV), 

flgfV) := -(-l)’< 2 : 4) (r). 


(B.86) 


B.3.14 £=13,X = A 2 12 

We have m x = 13, so the umbral McKay-Thompson series Hg 13 ' 1 = ( Hy ] 3 ' 1 ) associated to g € 
£<( 13 ) _ qX ^ 2/4Z j s a 26-vector-valued function, with components indexed by r £ Z/26Z. 
Define Hg' 9 = (. H for g £ G^ 13 ^ by requiring that 


4 13) (T z) = -4 13 Vi3,o(D z) - x { g 3) V i 3 ,o(d z) + H g]r ] ( T Wi3,r{r, a), (B.87) 


r mod 26 

where Xg^ := Xg A and Xg 3 ' > := x^" A (cf. Table |28|) . and the i/jg 1 '^ are meromorphic Jacobi forms 
of weight 1 and index 13 given explicitly in Table 05} 


Table 42: Character Values and Meromorphic Jacobi Forms for l = 13, X = Af 2 


[g\ x? 3) x? 3) 4 13 \xz) 

1A 2 2 2idi(T,6z)6i(T, z)~ 1 6i(T,3z)~ 1 g(T) 3 

2A —2 2 — 2*0i (r, 6 z)0 2 (t, z) _1 02(d 3z)” 1 ?/(r) 3 

4A 0 0 cf. (OTTHHIi 


^4Ab( t ^) : = -«02(r,6a) 


6»i(r,z + 4)0i(r, 3a + ±) - 0i(r,a - |)0i(r, 3a - ±) r/(2r) s 


0 2 (2t, 2a)0 2 (2r, 6a) 

(13) (13) 

For use later on we note that Via = — 2'Fi j i^ , where 


r?(r) 


(13) 


{t,z) : = 


0 1 (r,^)0i(r, 6a) 
0i (r, 2a)0i(r, 3a)' 


(B.88) 


(B.89) 


B.3.15 l=U + 7,X = Dl 

We have m x = 14, so the umbral McKay-Thompson series Hg ii+l ^ = (Hg^ +7 ') associated to 
g £ G( 14 + 7 ) is a 28-vector-valued function with components indexed by r £ Z/28Z. We have 
Hg]r + ‘ ] = 0 for r = 0 mod 2, so it suffices to specify the Hg]r +7 ' > for r odd. Observing that 
Hg]r + ‘ ] = we may determine Hg U+7 ^ by requiring that 

^ 7/2) (t,z) = -2x { J /2) iH7/ 2 ,o{T’ Z ) + e (- r / 2 ) H g 1 ,2r + ‘ ) ( T ) 9 7/2,r( T , z ), (B.90) 

rGZ+1/2 
r mod 7 

where x := Xg~ D is the number of fixed points of g £ G^ 14 "* -7 ) — S 3 in the defining permutation 

representation on 3 points. The 1 /^"^ are the meromorphic Jacobi forms of weight 1 and index 
7/2 defined in Table 1431 
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Table 43: Character Values and Meromorphic Jacobi Forms for t = 14 + 7, X = 

b] Xg 7/2) 4 m (r,z) 

1A 3 2i9i(r, 3z)0i(r, z)~ 2 t](t) 3 

2A 1 2i0 2 (t, 3z)0i(t, z) _1 0 2 (t, 

3A 0 — 2i0i (r, ^)0i(t, 3z)0i(3t, 3z)~ 1 t](3t) 

B.3.16 £ = 16, V = Ai 5 D 9 

We have m x = 16, so the umbral McKay-Thompson series Hg 16 ^ = ( Hg associated to g € 
(^( 16 ) ~ Z/2Z is a 32-vector-valued function with components indexed by r € Z/32Z. We have 
J7^ r 6) = —, so it suffices to specify the for 1 < r < 15. 

To define i7g 16) = (Hffi) for g = e, first define h(r) = ( h r (r )) by requiring that 

-6^1,10-, 2 ) ^[ 16) (r, 2 ) + = -24/ii 6i o(t, 2 ) + ^ ^(r)0i6,r-(r, z), (B.91) 

^ ' r mod 32 


where 

7 ,< i lh) (' T,z) := 8 (t, z)ip^ 3 \t, z) - ip^ (r, z)ip[ 12) (r, z) + (p[‘ ] (t, z)(p^ 0) (t, z), 
<A W \t z ) ■■= 12 ip[ L] (T,z)tp { i 3) (T,z) - ip[ 5) (r,z)^ 12) (r,2:) - 3^^ 16 ) (t, 2 :). 

(Cf. (1B.35I) . (IB.391) . (IB. 541) . (1B.69|) . (1B.77I) . (IB.891) . 1 Now dehne the H^\. by setting 


(B.92) 


H iaA t ) := ^(T> 


for r odd. For r even, 2 < r < 14, use 


H 1aA T ) : = ^ (M^) + hm-rir)) . 


(B.93) 


(B.94) 


Dehne by requiring 


:= -(-irsffiM. 


(B.95) 


B.3.17 £ — 18 9 X — A\jEy 

We have m x = 18, so the umbral McKay-Thompson series Hg 18 ' 1 = ( Hg associated to g € 
G*b 8 ) ~ Z/2Z is a 36-vector-valued function with components indexed by r € Z/36Z. We have 
J7^ T 8) = —- Hy^ r , so it suffices to specify the Hg] 8 ' 1 for 1 < r < 17. 

To dehne Hg 18) = (Hg] 8 ' 1 ) for g = e, hrst dehne /i(r) = (h r (r)) by requiring that 


—24Ti i i(r, 2:)^> (18) (t, z) = —24^i 8j0 (t, z) + ^ /i r (r)0i 8 ,r('r, z), 

r mod 36 


(B.96) 















B THE UMBRAL MCKAY-THOMPSON SERIES 


48 


where 


^ (I8) = V2 (^‘ 8) + ^ (rf 2> + 2 ^ 12) + r" 2 ’)) 

For the definition of </>( 18 ) we require 

:= (pf -’ (r, z)pf ] (r, z) - 4(^ 5) (r, zf - 4(r, z), 


^2 9) ( r > *0 
¥>i n) (T, 2 ) 

^ 12) (^ 2) 

(14) / \ 

Vl (t,z) 

(15) / \ 

Ti (t,z) 

(15)/ A 
T>\ A T ’Z) 

(18)/ A 

Ti (t,z) 

(18)/ A 

T 3 ATz) 


= 3^i 5) (t, z)p[‘\t, z) + 2 pf\r, z)<^ 9) (t,z) - <^ 4) (t> z)<^ 8) (t, z), 

= ^i 4) (r,z)^ 9) (r,z), 

= 3v?i 5) (t, z)<^ 10) (r, z) + ipf (r, z)<^ 12) (r, z) - 4<^ 4) (r, z)(^^ U) (r, z), 
= z) +6^ 3) (t,z)^i 13) (t, z) - ^J 4) (r,z)^j 12) (r, z), 

= <Pi 4 \t, z)Vi 2) (t, z) - 2 ^i 5) (r,z)^ n) (r, z) - 2^ 15) (r, z), 

= ¥4 5) ( r >~V l L li) (' r > 2 ) +3^i >) (r,z)^ 16) (r, z) - 4^ 4) (r,z)^ 15) (r, z), 

= <4 4) (t,z)</4 15) (t, z), 


(B.97) 


(B.98) 


in addition to the other ip^ n) that have appeared already. Now define the H^ Ar by setting 

H iaU t ) '■= T^M^) ( B - 99 ) 

for r even. For r odd, use 

H ia\( t ) : = Rl ( 2/ll ( r ) + ( r )) > 

h iaI( t ) : = ^4 (M r ) + h 9 (r )), 

H iaI( t ) : = ^ (2/15(r) + /ii 3 (r)), 

^iA,r( r ) := ^ ( 2 M r ) + /in(r)), 

^ia 8 ) 9 ( t ) : = Rl ( h s( T ) + 2 hg(r) + h 15 (r )), (B.100) 

h ia\i( t ) '■= Ri ( h r( T ) + 2/in( t)) , 

#1X13 ( r ) := Rl (M r ) + 2/113(r)), 

^{a 8) 15( t ) : = ^ (^15 (t) + hg (t)) , 

^lA 8 !?^) : = ^ (M r ) + 2/ii7(r)) • 

f 18) 

Dehne H^ A in the usual way for root systems with a type A component, by requiring 




(18), 


(B.101) 
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B.3.18 £ = 18 + 9, X = D 10 E% 


We have m x = 18, so the umbral McKay-Thompson series H g 18+9 ^ = (Hg] 8 ^) associated to 
g G G*( 18+9 ) ~ Z/2Z is a 36-vector-valued function with components indexed by r € Z/36Z. We 

= 0 for r = 0 mod 2, so 


have H. 


(18+9) 

9,r 


= -H. 


(18+9) rr(18+9) 


9,-r 


it suffices to specify the H g>r 
Define 


Hg,r 
(18+9) 


= for 1 < r < 17, and H^ 8+ ^ 


for r G {1, 3, 5, 7,9}. 


rr(18+9) 
n l A,r 

tt{ 18+9) 
U 2 A,r 


(r) 

( r ) : = H ?Z( T ) - ^lA, 18 -r( r )> 


(B.102) 


for r G {1,3, 5, 7,9}. 


B.3.19 1 = 22 + 11, X = D\ 2 

v (22-1-11) (22 | 11 'l 

We have m A = 22, so the umbral McKay-Thompson series H g ; = (H g , r ) associated to 
g G G( 22+11 ) ~ Z/2Z is a 44-vector-valued function with components indexed by r G Z/44Z. We 
have H g 22+U * = _^^+ 11 ) anc j //( 22+1 ') = 0 for r = 0 mod 2, so it suffices to specify the 77g 2 r 2+11 ^ 
for r odd. Observing that H g 22+11 ' 1 = —H^ 2 ^ 11 ' 1 we may determine H g 22+11 ' > by requiring that 

^ 11/2 ) (t,z) = -2x5 11/2) «/iii/2,o(D^) + e(-r/ 2 )^ 2 2 2 r +11) (T)6>ii/2 ir .(T,z), (B.103) 

rEZ+1/2 
r mod 11 


where X+ 4 ^* := 2, := 0> and the ipg 11 ^ 2 ^ are the meromorphic Jacobi forms of weight 1 and 

index 11/2 defined as follows. 




( 11 / 2 ) 
1 A 

( 11 / 2 ) 
2 A 


(r, z) : 
(r, z) : 


= 2z 


01 (r, 4 z) 


= -2 i 


01 (r, z)9i (r, 2z) 
01 (r, 4z) 


0 2 (r, z)0 2 (t, 2z) 


t?(t ) 3 

0(t) 3 


(B.104) 


B.3.20 I = 25, X = ^24 

We have m x = 25, so for g G G^ 25 ) — Z/2Z, the associated umbral McKay-Thompson series 
H g 2 ' )] = (H g j2) is a 50-vector-valued function, with components indexed by r G Z/50Z, satisfying 
H g 2 ^ = —Hg 25 } r , and in particular, H g 2 ^ = 0 for r = 0 mod 25. So it suffices to specify the H g 25 ^ 
for 1 < r < 24. 

Define H g 25 ^ = ( H g 2 r 5 ^) for g = e by requiring that 

-4>1,i(t,z)(P^ 5) {t,z) = -fJ.25,o(r,z) + X ^i 2 r 5) ( r )025,r(T,2:), (B.105) 

r mod 50 


where 
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For the definition of <^ 25 ^ we require 


<4 17) (t, z) 
</4 19) (t, z) 
z) 


= M 5 ) (t, z) - <pf\r,z) 2 , 

= ^i 4) (t,z)^ 16) (t, 2 :) +2^' ) (t,z)^ 13) (t, 2;) - ^ 5) (r, 2 )^ 15) (r, ^), (B.107) 

= ^S 5) (r,z)^S 17) (r, z) -299S !,, (r,z)<^S 13) (r,2), 


in addition to the other <that have appeared already. Define iu the usual way for root 

systems with a type A component, by requiring 


hSI(t) ■= -(-1 ) r H^ r (r). 


( 18 ), 


(B.108) 


B.3.21 £ = 30 + 15, A = DieEg 

We have rn x = 30, so the umbral McKay-Thompson series q/t 30+15 ) = (i7g 30+15 ^) associated to 
g £ G (30+15 ) = {e} is a 60-vector-valued function with components indexed by r € Z/60Z. We have 


z+30+15) _ _ ,+30+15) 
fle,r — — r i 


H, 


(30+15) 


= Hf\ j+i 55 for 1 < r < 29, and H, 


(30+15) 


= 0 for r = 0 mod 2, 


so 


it suffices to specify the H^r +15 ^ for r £ {1,3, 5, 7, 9,11,13,15}. 
Define 


H 


(30+15) 

1A,1 


( T ) 


1 

2 


( ,+30+6,10,15) 

V^lAl 


I r_l_i tj{ 10+5) 

"U 1 120J 3A,1 



1+30+15) 

-"1,4,3 


( T ) 


tt( 30+15) 
-"lA,5 


(t) 


9 1 TT 

120 ' 


(10+5) 

3A,3 


r 25 l tt{ 10+5) 
L 120)-"32l,5 


(t/3), 

0/3), 


t+30+15) 

n lAJ 


0 ) 


1+30+15) 

"lA,ll 


0 ) 


1+30+15) 
■" 1+4,13 


0 ) 


1 

2 

1 

2 

1 

2 


/ ,+30+6,10,15) 
\ H 1A,7 




49 i ,+10+5) 


120J-'- t 3A,3 



/ ,+30+6,10,15) 
[ H 1A,1 


\ _1_] 7+10+5) 

1 120l' n 3A,l 



/ ,+30+6,10,15) 
(++A,7 


r 49 1 t+ 10+5) 
1 120l- rz 3A,3 



z+ 30+15) 
"lA,15 


0 ) 


[_ 105 1 tt( 10+5) 
l 120J- n 3A,5 


(r/3). 


(B.109) 


B.3.22 ^ = 30 + 6,10,15 , X = E$ 

We have m x = 30, and ( 7 ( 30 + 6 , 10 , 15 ) _ qX ^ g 3 q} ie um bral McKay-Thompson series ++(30+6, 10 , 1 5) 
is a 60-vector-valued function with components indexed by r £ Z/60Z. We have 


^(30+6,10,15) (r) 


I t+30+6,10,15) 

±n g, 1 

. , *+30+6,10,15) 

±H 9 ,7 

lo 


if r = ±1, ±11, ±19, ±29 mod 60, 
if r = ±7, ±13, ±17, ±27 mod 60, 
else, 


(B.110) 
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so it suffices to specify the i7^ r 0+6 ’ 10,15 ^ for r = 1 and r = 7. These functions may be defined 


as 


follows. 


,-730+6,10,15) _ „ 

H iAi - ~ 2 ??( 


w[ £ + 

\k,l,m> 0 k,l,m<0J 


_ 1 ^fc+Z+m ^(/c 2 +Z 2 +ra 2 )/2+2(fcZ+Zra+m/c)+(/c+Z+ra)/2+3/40 


730+6,10,15)_ r, 1 


:= -2^+r I E “ E I (-!) fc+m 9 : 

ik,m>0 k.m<0 


2A ' 1 7 ?(2t) 


_ 1 \/c+m 3/c 2 +ra 2 /2+4fcm+(2/c+?7i)/2+3/40 


^(30+6,10,15) , = 2 V(t) y^/ 1 Nfc g 15fc 2 /2+3fc/2+3/40 

3A,i 7 ?( 3 t) 

y fcez 


rj-(30+6,10,15) _ 0 1 

!A,7 ??(r) 2 


£ + E <- j^/c+Z+m^(/c 2 +Z 2 +ra 2 )/2+2(fcZ+Zra+ra/c)+3(fc+Z+m)/2+27/40 


\.k,l,m> 0 /c,Z,m<0> 


^-(30+6,10,15) _ 2 ^ J ^ ^ ^ ^ J jQ/c+m /7 3/c 2 +ra 2 /2+4/cra+3(2fc+ra)/2+27/40 


*2.4,7 


7 ? (2t) 


9 


ik,m> 0 Zc,m<0 > 


tj-( 30+6,10,15) _ _ 2 _++15fc 2 /2+9fc/2+27/40 

3ffi7 n( 3r ) ^ 7 

,v ' fcez 


(B.lll) 


B.3.23 ^ = 46 + 23, X = D 2 a 

We have m A = 22, and+ 46+23) = {e}. The umbral McKay-Thompson series+ 46+ " 3) = (+ 46+ ^) 
is a 92-vector-valued function with components indexed by r € Z/92Z. We have + 46+ “ 3 ^ = 
—+( 46A23 ' ) and + 46+23> = 0 for r = 0 mod 2 , so it suffices to specify the + 46+23 ' ) for r odd. 
Observing that + 46+23 ^ = — f ^ 46 ^ 23 ' 1 we may determine //+ +2 T by requiring that 

■0i 23/2) (r, z) = - 2 ^ 23 / 2 , 0 + 2 :) + J] e(-r/2)^ 4 2 6 r +23) (r)6>2 3 /2,r + ^) ) (B.112) 

rGZ+1/2 
r mod 23 


('23/2') 

where + ' ; is the meromorphic Jacobi forms of weight 1 and index 23/2 defined by setting 

6 »i(r,fo) 3 


+ 23 / 2 ) (r+ := 2 * 


6 »i(r, 2 ^) 6 »i(r, 3z) 


v( t j- 


(B.113) 


B.4 Rademacher Sums 

Let Too denote the subgroup of upper-triangular matrices in SL 2 (Z). Given a£l and 7 € SL 2 (Z), 
define r^/ 2 (+ r) := 1 if 7 € Too. Otherwise, set 



(7,t) 


e(—a(jr 


700 )) 

k> 0 


(27ria(7T — 7 oo )) n+1 / 2 
T(n + 3/2) 


(B.114) 
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where e(x) := e 2nlx . Let n be a positive integer, and suppose that v is a multiplier system 
for vector-valued modular forms of weight 1/2 on T = To(n). Assume that v = ( Vij ) satisfies 
vn(T) = e m / 2rn , for some basis {c*}, for some positive integer m, where T = (J }). To this data, 
attach the Rademacher sum 

Rr,u(r) := ^ v(r/)e (-^) Ci j(y, r ) 1/2 r^ /4m] ( 7 , r), (B.115) 

7er 00 \r^ iJf2 

where T K K 2 := {(“ b d ) £ T | 0 < c < K, \d\ < K 2 }, and j( 7 ,r) := (cr + d)~ l for 7 = (“ b d ). If 
the expression (IB. 1 15(1 converges then it defines a mock modular form of weight 1/2 for T whose 
shadow is given by an explicitly identifiable Poincare series. We refer to m for a review of this, 
and to [53] for a more general and detailed discussion. 

Convergence of (IB.1151) can be shown by rewriting the Fourier expansion as in [53l Theorem 2] 
in terms of a sum of Kloostermann sums weighted by Bessel functions. This expression converges 
at w = 1/2 by the analysis discussed at the end of following the method of Hooley as adapted 
by Gannon. That analysis requires not only establishing that the expressions converge, but also 
explicitly bounding the rates of convergence. 

For the special case that X = A| we require 8 -vector-valued functions = (t^l) for g £ G x 
with order 3 or 6 . For such g, define t for 0 < r < 9, by setting 




' 0 , 

if r / 0 

mod 3, 


4K,r( r ) 


-^3,3(t, 0 ), 

if r = 3, 


(B.116) 



,# 3,0 (T, 0 ), 

if r = 6 , 



in the case that g has order 3, and 


fO, 

if r 7 ^ 0 

mod 3, 


A 9 ) ( T ) 

l 6A,r\ T ) 


1 

CO 

CO 

s 

^0 

if r = 3, 


(B.117) 



1 

CO 

0 

s 

0 

if r = 6 , 




when o(g) = 6 . Here 0 mjr (T,z) is as defined in (IB. 51) . 

The following result is proved in using an analysis of representations of the metaplectic 
double cover of SI/j/Z). 

Theorem B.l ([T7]). Let A be a Niemeier root system and let g £ G x . Assume that the 
Rademacher sum R , X ( .^ ^ , x converges. If A 7 ^ A|, or if A = Aj and g £ G x does not satisfy 
o(g) = 0 mod 3, then we have 


Hf(r) = - 2 < (%) , c ,. 


If A = Ag and g £ G x satisfies o(g) = 0 mod 3 then 

jX /\ r> 7 yX 


H x r {T) = -2 B? oW ,»*W+tf(r). 


(B.118) 


(B.119) 


The A = A 24 case of Theorem lB.il was proven first in |12j . via different methods. 












REFERENCES 


53 


References 

[ 1 ] D. Alexander, C. Cummins, J. McKay, and C. Simons, Completely replicable functions, 
Groups, combinatorics & geometry (Durham, 1990), London Math. Soc. Lecture Note Ser., 
vol. 165, Cambridge Univ. Press, Cambridge, 1992, 87-98. MR 1200252 (94g:11029) 

[2] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proceedings of the 
National Academy of Sciences, U.S.A. 83 (1986), no. 10, 3068-3071. 

[3] _, Generalized Kac-Moody algebras, J. Algebra 115 (1988), no. 2, 501-512. MR 943273 

(89g:17004) 

[4] _, Central extensions of generalized Kac-Moody algebras, J. Algebra 140 (1991), no. 2, 

330-335. MR 1120425 (92g: 17031) 

[5] _, Monstrous moonshine and monstrous Lie superalgebras, Invent. Math. 109 (1992), 

no. 2, 405-444. 

[ 6 ] _, Automorphic forms with singularities on Grassmannians, Invent. Math. 132 (1998), 

no. 3, 491-562. MR 1625724 (99c: 11049) 

[7] K. Bringmann and K. Ono, The f(q ) mock theta function conjecture and partition ranks, 
Invent. Math. 165 (2006), no. 2, 243-266. MR 2231957 (2007e:11127) 

[ 8 ] _, Coefficients of harmonic maass forms, Partitions, g-Series, and Modular Forms (Kr- 

ishnaswami Alladi and Frank Garvan, eds.), Developments in Mathematics, vol. 23, Springer 
New York, 2012, pp. 23-38. 

[9] J. H. Bruinier and J. Funke, On two geometric theta lifts, Duke Math. J. 125 (2004), no. 1, 
45-90. MR 2097357 (2005m: 11089) 

[10] M. C. Cheng, K 3 surfaces, N = 4 dyons and the Mathieu group M 24 , Commun. Number 
Theory Phys. 4 (2010), no. 4, 623-657. MR 2793423 (2012e:11076) 

[11] M. Cheng and J. Duncan, The largest Mathieu group and (mock) automorphic forms, String- 
Math 2011, Proc. Sympos. Pure Math., vol. 85, Amer. Math. Soc., Providence, RI, 2012, 
pp. 53-82. MR 2985326 

[12] _, On Rademacher Sums, the Largest Mathieu Group, and the Holographic Modularity 

of Moonshine, Commun. Number Theory Phys. 6 (2012), no. 3. 

[13] _, Rademacher Sums and Rademacher Series, Conformal Field Theory, Automorphic 

Forms and Related Topics, 2014, pp. 143-182, Contributions in Mathematical and Computa¬ 
tional Sciences. 

[14] _, Meromorphic Jacobi Forms of Half-Integral Index and Umbral Moonshine Modules, 

in preparation. 

[15] M. C. N. Cheng, J. F. R. Duncan, and J. A. Harvey, Umbral Moonshine, Commun. Number 
Theory Phys. 8 (2014), no. 2. 










REFERENCES 


54 


[16] _, Umbral Moonshine and the Niemeier Lattices, Research in the Mathematical Sciences 

1 (2014), no. 3. 

[17] _, Weight One Jacobi Forms and Umbral Moonshine, in preparation. 

[18] J. H. Conway and S. P. Norton, Monstrous moonshine , Bull. London Math. Soc. 11 (1979), 
no. 3, 308-339. MR 554399 (81j:20028) 

[19] J. H. Conway and N. J. A. Sloane, On the enumeration of lattices of determinant one, J. 
Number Theory 15 (1982), no. 1, 83-94. MR 666350 (84b: 10047) 

[20] _, Sphere packings, lattices and groups, third ed., Grundlehren der Mathematischen 

Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 290, Springer-Verlag, 
New York, 1999, With additional contributions by E. Bannai, R. E. Borcherds, J. Leech, S. P. 
Norton, A. M. Odlyzko, R. A. Parker, L. Queen and B. B. Venkov. MR 1662447 (2000b:11077) 

[21] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, and R.A. Wilson, Atlas of finite groups. 
Maximal subgroups and ordinary characters for simple groups. With comput. assist, from J. 
G. Thackray., Oxford: Clarendon Press, 1985. 

[22] A. Dabholkar, S. Murthy and D. Zagier, Quantum Black Holes, Wall Crossing, and Mock 
Modular Forms, arXiv: 1208.4074. 

[23] L. Dixon, P. Ginsparg and J. Harvey, Beauty and the beast: superconformal symmetry in a 
Monster module, Comm. Math. Phys. 119 (1998), no. 2, 221-241. MR 968697 (90b:81119) 

[24] J. Duncan, M. Griffin, and K. Ono, Moonshine, Research in the Mathematical Sciences (2015) 
2 : 11 . 

[25] J. Duncan and J. Harvey, The Umbral Mooonshine Module for the Unique Unimodular 
Niemeier Root System, arXiv:1412.8191. 

[26] J. Duncan and A. O’Desky, Super Vertex Algebras, Meromorphic Jacobi Forms, and Umbral 
Moonshine, in preparation. 

[27] T. Eguchi and K. Hikami, Note on Twisted Elliptic Genus of K3 Surface, Phys.Lett. B694 
(2011), 446-455. 

[28] T. Eguchi, H. Ooguri, and Y. Tachikawa, Notes on the K3 Surface and the Mathieu group 
M 24 , Exper.Math. 20 (2011), 91-96. 

[29] M. Eichler and D. Zagier, The theory of Jacobi forms, Birkhauser, 1985. 

[30] I. Frenkel, J. Lepowsky, and A. Meurman, A natural representation of the Fischer-Griess 
Monster with the modular function J as character, Proc. Nat. Acad. Sci. U.S.A. 81 (1984), 
no. 10, Phys. Sci., 3256-3260. MR MR747596 (85e:20018) 

[31] _, A moonshine module for the Monster, Vertex operators in mathematics and physics 

(Berkeley, Calif., 1983), Math. Sci. Res. Inst. Publ., vol. 3, Springer, New York, 1985, pp. 231- 
273. MR 86m:20024 






REFERENCES 


55 


[32] _, Vertex operator algebras and the Monster , Pure and Applied Mathematics, vol. 134, 

Academic Press Inc., Boston, MA, 1988. MR 90h: 17026 

[33] M. Gaberdiel, S. Hohenegger, and R. Volpato, Mathieu Moonshine in the elliptic genus of 
K3 , JHEP 1010 (2010), 062. 

[34] _, Mathieu twining characters for K3, JHEP 1009 (2010), 058, 19 pages. 

[35] T. Gannon, Monstrous moonshine: the first twenty-five years, Bull. London Math. Soc. 38 
(2006), no. 1, 1-33. MR 2201600 (2006k:11071) 

[36] _, Moonshine beyond the Monster , Cambridge Monographs on Mathematical Physics, 

Cambridge University Press, Cambridge, 2006, The bridge connecting algebra, modular forms 
and physics. MR 2257727 (2008a:17032) 

[37] _, Much ado about Mathieu , arXiv:1211.5531. 

[38] C. Hooley, On the number of divisors of a quadratic polynomial, Acta Math. 110 (1963), 
97-114. MR 0153648 

[39] J. Humphreys, Introduction to Lie algebras and representation theory , Springer-Verlag, New 
York, 1972, Graduate Texts in Mathematics, Vol. 9. MR 0323842 (48 #2197) 

[40] W. Kohnen, Fourier coefficients of half-integral weight, Math. Ann. 271 (1985), 237-268. MR 
0783554 

[41] O. Imamoglu, M. Raurn, and O. Richer, Holomorphic projections and Ramanujan’s mock 
theta functions, Proc. Natl. Acad. Sci., USA, 111 (2014), 3961-3967. 

[42] M. Mertens, Eichler-Selberg type identities for mixed mock modular forms, arXiv: 1404.5491. 

[43] H. V. Niemeier, Definite quadratische Formen der Dimension 24 und Diskriminante 1, J. 
Number Theory 5 (1973), 142-178. MR 0316384 (47 #4931) 

[44] K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and q- 
series, CBMS Regional Conf. Ser. No. 102, Amer. Math. Soc., 2004, Providence MR 2020489 
(2005c:11053) 

[45] K. Ono, Unearthing the visions of a master: harmonic Maass forms and number theory, 
Current developments in mathematics, 2008, Int. Press, Somerville, MA, 2009, pp. 347-454. 
MR 2555930 (2010m:11060) 

[46] S. Ramanujan, The lost notebook and other unpublished papers, Springer-Verlag, Berlin, 1988, 
With an introduction by George E. Andrews. MR 947735 (89j:01078) 

[47] W. A. Stein et al., Sage Mathematics Software (Version 6.5), The Sage Development Team, 
2015, http://www.sagemath.org. 

[48] J.-P. Serre and H. M. Stark, Modular forms of weight 1/2, in Modular functions of one 
variable, VI (Proc. Second Internat. Conf., Univ. Bonn, Bonn, 1976), 27-67. Lecture Notes 
in Math., Vol. 627. Springer, Berlin, 1977. 






REFERENCES 


56 


[49] J. Sturm, On the congruence of modular forms , Springer Lect. Notes Math. 1240 (1984), 
275-280. MR 0894516 (88h:11031) 

[50] J. G. Thompson, Finite groups and modular functions, Bull. London Math. Soc. 11 (1979), 
no. 3, 347-351. MR 554401 (81j:20029) 

[51] _, Some numerology between the Fischer-Griess Monster and the elliptic modular func¬ 

tion, Bull. London Math. Soc. 11 (1979), no. 3, 352-353. MR MR554402 (81j:20030) 

[52] B. B. Venkov, On the classification of integral even unimodular 24- dimensional quadratic 
forms, Trudy Mat. Inst. Steklov. 148 (1978), 65-76, 273, Algebra, number theory and their 
applications. MR 558941 (81d: 10024) 

[53] D. Whalen, Vector-Valued Rademacher Sums and Automorphic Integrals, ai'Xiv: 1406.0571. 

[54] D. Zagier, Ramanujan’s mock theta functions and their applications (after Zwegers and Ono- 
Bringmann), Asterisque (2009), no. 326, Exp. No. 986, vii-viii, 143-164 (2010), Seminaire 
Bourbaki. Vol. 2007/2008. MR 2605321 (2011h:11049) 

[55] S. Zwegers, Mock Theta Functions, Ph.D. thesis, Utrecht University, 2002. arXiv:0807.4834. 


J. F. R. Duncan, Dept, of Mathematics & Computer Science, Emory University, Atlanta, GA 30322 
E-mail address , J. F. R. Duncan: john.duncan@emory.edu 

M. J. Griffin, Dept, of Mathematics, Princeton University, Princeton, NJ 08544 
E-mail address , M. J. Griffin: mjg4@princeton.edu 

K. Ono, Dept, of Mathematics & Computer Science, Emory University, Atlanta, GA 30322 
E-mail address , K. Ono: ono@mathcs.emory.edu 



